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AFFINE DELIGNE–LUSZTIG VARIETIES AND FOLDED GALLERIES
GOVERNED BY CHIMNEYS
ELIZABETH MILIC´EVIC´, PETRA SCHWER, AND ANNE THOMAS
Abstract. We characterize the nonemptiness and dimension problems for an affine Deligne–
Lusztig variety Xx(b) in the affine flag variety in terms of galleries that are positively folded
with respect to a chimney. If the parabolic subgroup associated to the Newton point of b
has rank 1, we then prove nonemptiness for a certain class of Iwahori–Weyl group elements
x by explicitly constructing such galleries.
1. Introduction
Deligne–Lusztig varieties have played a central role in the geometric representation theory
of reductive groups over finite fields since they were introduced in [DL76]. Their affine
analogs arose several decades later, and these affine Deligne–Lusztig varieties were formally
developed for applications to p-divisible groups and isocrystals over perfect fields, special
fibers of both Rapoport–Zink spaces and moduli of local shtukas, and bad reduction of
Shimura varieties; see [Rap00, Rap05]. Foundational work on affine Deligne–Lusztig varieties
has required first tackling an array of coarse algebro-geometric problems; e.g. establishing
nonemptiness patterns, dimension formulas, connected components, and closure relations.
Building on the pivotal conjectures in [GHKR10], this paper applies the authors’ recent
joint work with Naqvi on chimney retractions [MNST19] to formulate the nonemptiness and
dimension problems for affine Deligne–Lusztig varieties in the affine flag variety in terms of
positively folded galleries in the associated Bruhat–Tits building. In particular, our analysis
extends freely to the p-adic and mixed characteristic cases. The main theorem then proves
nonemptiness for certain affine Deligne–Lusztig varieties by explicitly constructing families
of galleries which are positively folded with respect to the chimneys illustrated in Figure 1.
1.1. History of the problem. In this section, we provide a brief overview of the non-
emptiness problem for affine Deligne–Lusztig varieties. For more details, we refer the reader
to the introduction of the authors’ previous joint work [MST19], the arXiv version of He’s
2018 ICM address [He19], and the references in these two works.
Classical Deligne–Lusztig varieties are indexed by an element of the finite Weyl group, and
Lang’s theorem guarantees that they are always nonempty. In the setting of the affine flag
variety, however, given a pair of indexing parameters, it remains an open problem to fully
characterize the conditions under which the corresponding affine Deligne–Lusztig variety
is nonempty. In the affine Grassmannian, this question was solved relatively early and is
phrased in terms of Mazur’s inequality, which relates the coweight indexing the affine Schubert
cell to the Newton point of the fixed group element serving as the second parameter; see
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Figure 1. The conjugacy class of the blue alcove bν = t
ρˇs1, together with
sectors representing the corresponding chimneys depicted in the same color.
[KR03, Luc04, Gas10]. Although Mazur’s inequality is a necessary condition for nonemptiness
in the affine flag variety, it is far from sufficient.
Early progress in the affine flag variety focused on the basic case, in which the Newton
point is as small as possible. Go¨rtz, Haines, Kottwitz, and Reuman first established an
emptiness pattern [GHKR10], and the nonemptiness problem was eventually settled by Go¨rtz,
He, and Nie [GHN15]. Beyond the basic case, major progress on the nonemptiness problem
is largely shaped by the suite of formative conjectures in [GHKR06, GHKR10], based in
large part on evidence from computer experiments. These nonemptiness conjectures have
still only been fully verified in type A˜2, by the first author [Bea09] and again by Yang using
different methods [Yan16]. The first general nonemptiness results outside of the basic case
were for affine Deligne–Lusztig varieties indexed by translation elements, in a lecture series
by He [He16] and independently by the authors in [MST19], each under slightly different
hypotheses and using very different methods. The results on maximal Newton points by
Viehmann [Vie14] and the first author [Mil16], as well as Viehmann’s description of minimal
Newton points [Vie19], also imply nonemptiness for certain affine Deligne–Lusztig varieties.
More recently, the first author’s joint work with Viehmann on cordial elements establishes
a condition under which the Newton stratum is saturated [MV19], identifying families of
affine Deligne–Lusztig varieties in the affine flag variety for which the nonemptiness pattern
behaves as nicely as it does in the affine Grassmannian. Certain cordial elements from [MV19]
were then used by He as a new base case for extending the classical Deligne–Lusztig reduction
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methods to obtain the most general nonemptiness result to date [He20]. The current work
provides a distinct new proof when the Newton point is associated to a rank 1 parabolic
subgroup, by adapting the relevant orbit intersections occurring in [GHKR10] to the context
of retractions in the Bruhat–Tits building based at chimneys from the authors’ joint work
with Naqvi [MNST19].
1.2. Main results and key ideas. In this section, we formally state the two main theorems
in this paper, in addition to discussing key ideas from their proofs.
In [MST19], the authors use the folded galleries of Parkinson, Ram, and Schwer [PRS09]
and the root operators of Gaussent and Littelmann [GL05] to study the intersections of Iwa-
hori and unipotent orbits occurring in the first work of Go¨rtz, Haines, Kottwitz, and Reuman
on affine Deligne–Lusztig varieties in the affine flag variety [GHKR06]. These particular orbits
capture coarse algebro-geometric information about affine Deligne–Lusztig varieties indexed
by translation elements, whose Newton points are typically regular dominant coweights.
For affine Deligne–Lusztig varieties indexed by Newton points which lie on a wall of the
dominant Weyl chamber, Go¨rtz, Haines, Kottwitz, and Reuman characterize both the non-
emptiness and dimension problems in terms of intersections of Iwahori and IP -orbits in the
affine flag variety [GHKR10]; see Theorem 2.8 in the present paper. These orbit intersections
are interpreted as positively folded alcove walks with respect to orientations induced by the
P -chimneys in the authors’ joint work with Naqvi [MNST19]. We recall the corresponding
result of [MNST19] here as Theorem 4.1. Combining these two statements, we prove the
following theorem in Section 4, using analogous arguments to those in [MST19, Sec. 5]. Most
of the relevant terminology is formally developed in Section 2.
Theorem 1.1. Let [b] ∈ B(G)P where P is a standard spherical parabolic subgroup of G(F ).
Denote the Newton point of [b] by ν and the standard representative by bν . For any x ∈ W˜ :
(1) Xx(b) 6= ∅ if and only if for some y ∈ W˜ , there exists a gallery γ : a byν of type ~x
which is positively folded with respect to the (P, y)-chimney.
(2) If Xx(b) 6= ∅, then
dimXx(b) =
(
sup
y∈W˜
dim(γ)
)
− 〈2ρ, ν〉,
where we take the supremum over all galleries γ as in (1).
Here B(G)P denotes the set of σ-conjugacy classes with associated parabolic P as defined in
Section 2.2, together with the Newton and Kottwitz points. Standard representatives for σ-
conjugacy classes are discussed in Section 2.3, and the definition of the affine Delgine–Lusztig
variety Xx(b) is found in Section 2.4. All relevant terminology on positively folded galleries
with respect to chimneys occurs in Sections 2.5 and 4.1.
Having established Theorem 1.1, one typically needs to explicitly construct certain folded
galleries in order to prove nonemptiness statements. The folded galleries constructed in
[MST19] correspond to the special case originally considered in [PRS09], in which P = B
so that the orientation induced by the P -chimney is periodic. Moreover, the root operators
of [GL05] as applied to the alcove walks in [MST19] are guaranteed to preserve positivity of
folds only in the special case P = B, for which an entire Weyl chamber is a representative
sector for the corresponding chimney. Applying Theorem 1.1 when P 6= B thus requires
entirely different constructions of positively folded galleries than any that have appeared in
the literature to date.
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In this work, we focus on the case in which the Newton points have associated parabolic
subgroups with a Levi factor of rank 1. We then treat the family of alcoves in the shrunken
dominant Weyl chamber having finite part equal to the longest element of the finite Weyl
group. Our main application of Theorem 1.1 is the following nonemptiness statement. We
refer the reader to Section 2.1 for our notation on Weyl groups, root systems, and alcoves.
Theorem 1.2. Let b ∈ G(F ), let νb be the Newton point of the σ-conjugacy class [b], and let
P = Pνb be the associated spherical standard parabolic subgroup of G(F ). Let x0 = t
λw0 ∈ W˜
be such that the Kottwitz point κG(x0) = κG(b). Assume that:
(1) the alcove x0 is in the shrunken dominant Weyl chamber;
(2) νb is contained in the polytope Conv(W (λ− 2ρˇ)); and
(3) one of the following holds:
(a) P has rank 0; that is, P = B;
(b) P has rank 1; that is, P = B unionsqBsiB for some spherical simple reflection si; or
(c) P has full rank; that is, P = G.
Then Xx0(b) 6= ∅.
We remark that several of the nonemptiness results in Theorem 1.2 already appeared in the
authors’ earlier work [MST19]; e.g. both the case of regular translations (3a) and an alternate
proof of the basic case (3c). He has also recently obtained even more general nonemptiness
results [He20], although the methods in the present paper differ quite substantially. Our
intention in Theorem 1.2 is to highlight those uniform nonemptiness results for which proofs
using exclusively folded gallery methods exist. Of course, applying any automorphism of
the Dynkin diagram yields uniform gallery constructions for further nonemptiness results via
[MST19, Thm. 10.3], though we do not include these additional cases in the above statement.
We continue by discussing some of the key elements in the constructions required to prove
Theorem 1.2 via Theorem 1.1. First, we require an explicit understanding of the standard
representatives for σ-conjugacy classes defined in [GHKR10], in order to fully describe their
conjugacy classes in the extended affine Weyl group. As is clear from the statement of
Theorem 1.1, these W˜ -conjugacy classes coincide with the target end alcoves for our folded
galleries. We characterize these conjugacy classes geometrically in Section 5 in terms of
certain affine subspaces in an apartment of the Bruhat–Tits building. For example, in Fig-
ure 1, the three lines form the so-called transverse spaces, along which the colored alcoves
corresponding to the elements of the W˜ -conjugacy class lie.
More delicately, we actually need a solution to the inverse problem; i.e. given any target
z in the W˜ -conjugacy class of a fixed standard representative bν , we provide an explicit
element y which conjugates bν to z. Applying Theorem 1.1 requires this level of precision,
since the conjugating element y controls the location of the chimney; observe how the color-
coded chimneys vary with the corresponding target alcove in Figure 1. Although many of
our results in Sections 3 through 5 concern general Newton points, the question of whether
the W˜ -conjugacy class of a fixed standard representative coincides with the alcoves along the
transverse subspaces (as depicted in Figure 1) is very sensitive to the rank of the corresponding
parabolic subgroup; see Example 5.11, which illustrates this claim for G = SL4.
The final two sections of the paper consist of delicate gallery constructions. We begin
in Section 6.1 by carefully choosing a minimal gallery γ : a  x0, starting with a specific
reduced expression for w0 which is tailored to the parabolic subgroup P . We then apply a
particular PRS-folding sequence to γ in Section 6.2, exercising sufficient control to prove in
Section 6.3 both that the end alcove of the resulting folded gallery γρˇ is an element of the
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W˜ -conjugacy class of the standard representative bν , and that γρˇ is positively folded with
respect to the chimney dictated by the conjugating element. The main result of Section 6
is then Theorem 6.1, which proves nonemptiness for the largest possible expected rank 1
Newton point below the maximum.
In Section 7, we modify the gallery γρˇ constructed in Section 6 to prove Theorem 7.1,
which is a nonemptiness statement for all smaller Newton points associated to the same
rank 1 parabolic subgroup. As in [MST19, Sec. 6.3], the key idea here is to apply the root
operators of [GL05], suitably modified to the context of alcove walks. However, due to the
aperiodicity of the chimney orientations, extra care is needed to preserve the positivity of the
folds in γρˇ when applying these root operators. We are thus forced to split the remaining
constructions in two parts. We discuss larger Newton points in Sections 7.1 and 7.2, and
then further modify those galleries obtained via root operators, in order to separately tackle
smaller Newton points in Section 7.3.
1.3. Discussion of the general case. In this section, we make some additional remarks
concerning obstructions to straightforward generalizations of Theorem 1.2.
As discussed in [MST19, Sec. 7], the ability to treat other spherical directions apart from
the w0-position in the translation case hinged upon an algebraic resolution to the non-
emptiness question in the basic case. While a more general algebraic solution is recently
available in [He20], it is our intention to present here only those results for which we are
able to provide a logically independent proof, using the distinct method of positively folded
galleries. Resolutions to Questions 1 and 2 posed in [MST19] would likely be the first steps
toward constructions that are less reliant upon the properties of vertex-to-vertex galleries
developed in [GL05], which are best suited for galleries whose type labels an alcove in the
w0-position in the dominant Weyl chamber.
Another approach would be to use the recent saturation results of the first author in
collaboration with Viehmann. More specifically, part (a) of [MV19, Thm. 1.2] guarantees
the existence of those positively folded galleries required to apply Theorem 1.1 whose type
labels an element in the antidominant Weyl chamber. To prove nonemptiness for all ele-
ments satisfying Reuman’s criterion in the shrunken dominant Weyl chamber, as predicted
by [GHKR10, Conj. 9.5.1], then requires an adaptation of [MST19, Prop. 9.4] concerning
the geometric effects of conjugating a folded gallery by a simple reflection. A naive first try
produced some type-dependent subtleties in case the gallery either begins or ends with a fold,
and so we have elected not to further pursue this method, given the timing of this work.
As Example 5.11 illustrates, the primary issue in treating higher rank parabolic subgroups
is the fact that the W˜ -conjugacy classes do not necessarily fill out the transverse subspaces
associated to a given Newton point. Roughly speaking, these problems arise when there is
a smaller possible parabolic subgroup associated to the Newton point than the choice made
in [GHKR10, Sec. 7]. Early experiments with a modified choice of representative for the σ-
conjugacy class suggest significant barriers to adapting the proof of [GHKR10, Thm. 11.3.1]
in a manner which also preserves the nature of the dimension theory developed in [GHKR10,
Sec. 10]. Moreover, the gallery constructions needed to prove nonemptiness for higher rank
parabolic subgroups are even more delicate than the constructions we provide here, as the
number of families of hyperplanes with aperiodic orientations increases linearly with rank.
Using the ideas developed in Section 4, one also easily obtains a lower bound on the
dimensions of the affine Deligne–Lusztig variety corresponding to each gallery we construct.
However, comparisons to the known upper bound of the virtual dimension from [He14] reveal
that equality only holds in type A˜2, and the dimension formula in this case appeared earlier
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in [Yan16]. In general, since the number of folds is fixed at `(w0)− 1 in the parabolic rank 1
case, one needs to produce a gallery which results in more positive crossings once folded.
Finally, we comment on the requirement that the Newton point be contained in the convex
hull of the W -orbit of the coweight λ, only after shifting by −2ρˇ. Since Mazur’s inequality is
no longer sufficient for nonemptiness in the affine flag variety, the maximum Newton point
generally differs from λ, and the required correction factors are greatest in the dominant Weyl
chamber; see [Mil16]. Moreover, the first author’s thesis [Bea09] provides concrete examples
in which the only nonempty Newton stratum between λ and λ−2ρˇ is in fact the generic one.
Therefore, condition (2) in Theorem 1.2 is the cleanest hypothesis under which one could
reasonably expect to prove a uniform nonemptiness result; compare [He20, Cor. 6.4]
1.4. Organization of the paper. This section provides a brief overview of the contents of
the body of the paper. We refer the reader to the opening remarks in each section for further
pointers about the specific contents within each subsection.
In Section 2, we recollect all terminology and external results which are used later in the
paper: notation concerning Weyl groups and their root systems, basics on Newton points and
their standard representatives, a review of affine Deligne–Lusztig varieties in the affine flag
variety, as well as the main definitions concerning folded galleries and chimney orientations.
The goal of Section 3 is to provide concrete type-free formulas for the standard representatives
of the relevant Newton points, for which we rephrase the Newton point calculation geometri-
cally in terms of certain averaging projection operators. In Section 4, we establish the direct
link between folded alcove walks and the general problem of determining nonemptiness and
dimensions of affine Deligne–Lusztig varieties in the affine flag variety. In Section 5, we obtain
a complete characterization of the W˜ -conjugacy class of a standard representative for any
Newton point with associated parabolic of rank 1. Explicit galleries designed to reach the
maximum Newton point under consideration, as well as transformations of these galleries via
root operators to reach the lower Newton points, are constructed in Sections 6 and 7.
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2. Preliminaries
This section reviews all preliminary definitions and results which are required throughout
the paper. Section 2.1 establishes our notation for Weyl groups, root systems, and alcoves,
using the conventions from [Bou02]. In Section 2.2, we review the Newton and Kottwitz
maps, which determine the two invariants that parameterize σ-conjugacy classes. Following
[GHKR10], we discuss the standard representative for a given σ-conjugacy class in Section 2.3.
We provide a brief review of affine Deligne–Lusztig varieties in Section 2.4. We conclude the
preliminary material in Section 2.5 by recalling the necessary background on combinatorial
galleries and chimneys from [MST19, MNST19].
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2.1. Notation. Let G be a split connected reductive group over Fq, and let T be a split
maximal torus of G. Let F = Fq((t)) be the discretely valued field with ring of integers
O = Fq[[t]]. The choice of T corresponds to fixing an apartment A in the Bruhat–Tits
building for G(F ), which we identify with a := X∗(T )⊗Z R ∼= Rn where n is the rank of G.
Fix a Borel subgroup B and let P = MN be a standard parabolic subgroup, with M the
unique Levi subgroup containing T and unipotent radical N . In the special case P = B, we
write B = TU. The finite or spherical Weyl group of T in G equals W = NG(T )/T . The
extended affine Weyl group is then W˜ = NGT (F )/T (O) ∼= X∗(T )oW. Given any λ ∈ X∗(T ),
we write tλ to denote the image of t under the homomorphism λ : Gm → T , and tλ acts on
a by translation by λ. Any element x ∈ W˜ can be uniquely written as x = tλw for some
λ ∈ X∗(T ) and spherical direction w ∈W .
Denote by Φ the set of roots of T in G, which we assume is irreducible throughout the
paper; equivalently, the associated Dynkin diagram is assumed to be connected. Denote
by Φ+ those roots which are positive with respect to the opposite Borel subgroup B−. Let
∆ = {αi}ni=1 be a basis of simple roots in Φ+. The set of indices on the elements of ∆ shall be
denoted by [n] = {1, 2, . . . , n}. Denote by ρ the half-sum of the positive roots in Φ+, and let α˜
denote the highest root. The coroot associated to α ∈ Φ with respect to the evaluation pairing
〈·, ·〉 : X∗(T )×X∗(T )→ Z is then α∨ = 2α/(α, α), where (·, ·) denotes the standard Euclidean
dot product. Denote by ∆∨ the corresponding simple coroots. The fundamental weights {ωi}
and the fundamental coweights {$i} are dual bases to ∆∨ and ∆, respectively, with respect
to 〈·, ·〉. The dominant Weyl chamber is defined as C = {v ∈ a | 〈α, v〉 ≥ 0 for all α ∈ Φ+}.
The shrunken dominant Weyl chamber C˜ is defined by the same inequalities, after replacing
the 0 by 1.
Let R∨ =
⊕
Zα∨i ⊂ X∗(T ) denote the coroot lattice, and let Q∨ =
⊕
Z$i ⊂ X∗(T )
denote the coweight lattice. Denote by ρˇ the element of Q∨ defined as the half-sum of the
positive coroots, or equivalently the sum of the fundamental coweights; note that ρˇ may not
be a scalar multiple of ρ. An element of Q∨ which lies in C is called a dominant coweight,
and we remark that ρˇ is dominant. The dominance ordering on R∨ defines λ ≥ µ if and
only if λ−µ is a non-negative Z-linear combination of positive coroots. The partial ordering
≥ is then extended to Q∨ and a by replacing Z with Q and R, respectively. Denote by
ΛG = X∗(T )/R∨.
The finite Weyl group W is a Coxeter group, generated by the set S = {si}ni=1 of (simple)
reflections across the hyperplanes orthogonal to the respective simple roots in ∆. Denote
by `(w) the length of an element w ∈ W with respect to S, and denote by w0 the longest
element in W . We may also view W as a finite reflection group acting on a ∼= Rn. Given any
coweight µ ∈ Q∨, we denote by µ+ the unique dominant coweight in the W -orbit of µ under
this action.
Given any root α ∈ Φ and any integer k ∈ Z, define Hα,k = {v ∈ a | 〈α, v〉 = k}. In
particular, note that ρˇ ∈ Hαi,1 for all αi ∈ ∆. The complement in a of the collection of all the
affine hyperplanes Hα,k are called alcoves. The base alcove is defined to be the unique alcove
in C whose closure contains the origin, denoted by a0 = {v ∈ C | 〈α, v〉 ≤ 1 for all α ∈ Φ+}.
The reflection across the affine hyperplane Hα,k defined by sα,k(v) = v − (〈α, v〉 − k)α∨ is
an affine transformation of a, and the collection of all such reflections generates the (non-
extended) affine Weyl group W . When k = 0, we typically write Hα,0 = Hα and sα,0 = sα.
We remark that choosing Φ+ to be positive with respect to B− implies that the positive roots
lie on the same side of the hyperplane Hα˜ as C. Even when k 6= 0, we refer to Hα,k as an
α-hyperplane.
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The action of the affine Weyl group W on a preserves the collection of hyperplanes Hα,k,
and so the element x ∈ W naturally corresponds to the alcove xa0, which we typically
denote in bold by x. The extended affine Weyl group W˜ acts simply transitively on the
set of extended alcoves, which may be viewed as |ΛG| distinct copies of a, where each copy
is endowed with the same configuration of alcoves on which the affine Weyl group W acts
simply transitively. The affine Weyl group can also be viewed as W ∼= R∨oW , and so every
element x ∈W can be uniquely expressed as x = tλw for some λ ∈ R∨ and w ∈W . Similarly,
the extended affine Weyl group is isomorphic to W˜ ∼= Q∨ oW .
The affine Weyl group W is a Coxeter group with generating set S˜ = S ∪ {sα˜,1}, and
the additional affine generator is denoted by s0 := sα˜,1. We again denote the corresponding
length function by ` : W → Z. Although the extended affine Weyl group W˜ is no longer a
Coxeter group, the length function ` extends to W˜ by defining those elements whose extended
alcove projects onto the base alcove a0 in a to have length zero. Denote by ΩG the subgroup
of elements ω ∈ W˜ such that `(ω) = 0, and note that |ΩG| = |ΛG|. An element ω ∈ ΩG acts
on the base alcove a0 by an automorphism, which induces a permutation action on the set
I˜ = {0, 1, . . . , n} indexing the elements of S˜. We then also have W˜ ∼= W o ΩG, so that for
any x ∈ W˜ , we may also write x = yω for unique y ∈W and ω ∈ ΩG.
Following [Ram06], we view the elements in ΩG as deck transformations, which move
between the sheets of extended alcoves in the product ΩG×a. For any ω ∈ ΩG, the extended
alcove ω × a0 then projects onto the extended base alcove 0× a0 ∈ ΩG × a. Given ω ∈ ΩG,
we denote the corresponding extended base alcove by aω = ω × a0. By abuse of notation,
we often denote the extended base alcoves by a0 = 0 × a0 and a = aω for nonzero ω ∈ ΩG.
Similarly, the extended alcove in ΩG × a corresponding to the element x ∈ W˜ is typically
denoted in bold by x = xa0. We occasionally refer to an extended alcove simply as an alcove,
since the precise meaning should always be clear from context. Further, we present some
figures which overlay extended alcoves from different sheets together in a single copy of a.
Since W˜ ∼= Q∨oW ∼= WoΩG and W ∼= R∨oW , then an element ω ∈ ΩG also determines
a nonzero coset in Q∨/R∨ ∼= ΩG. As such, we shall typically index distinct sheets of extended
alcoves by the elements of Q∨/R∨. In particular, the image in Q∨/R∨ of the translation part
of x ∈ W˜ uniquely identifies the sheet containing the extended alcove x. By abuse of notation,
we also frequently write λ ∈ ω + R∨ for ω ∈ ΩG to denote the image of a given λ ∈ Q∨ in
the quotient Q∨/R∨.
Given a Levi decomposition for a standard (spherical) parabolic subgroup P = MN , the
set of simple roots for G decomposes as ∆ = ∆M unionsq∆N , where ∆M is the set of simple roots
for the reductive group M , and ∆N is the set of simple roots which occur in the Lie algebra
of N . Note that although Φ is assumed to be irreducible, the set ΦM of roots of T in the Levi
subgroup M may not be. Define aP = {v ∈ a | 〈αi, v〉 = 0, for all αi ∈ ∆M}; equivalently,
aP is the intersection of all hyperplanes Hαi corresponding to those simple roots in ∆M . The
choice of standard parabolic then determines an open chamber in aP defined as
(2.1.1) a+P = {v ∈ aP | 〈α, v〉 > 0 for all α ∈ ∆N}.
The dominant Weyl chamber is a disjoint union of these open chambers C = ∐ a+P , where
P ranges over all standard parabolic subgroups P . Using the identification aP ∼= ΛM ⊗Z R,
denote by Λ+M the subset of ΛM whose image under this isomorphism lies in a
+
P .
The Iwahori subgroup I of G(F ) is the stabilizer of the base alcove a0. Equivalently, I is
the preimage of the opposite Borel under the projection G(O) → G(Fq) defined by t 7→ 0.
Note that the base alcove a0 coincides with the basepoint of the affine flag variety G(F )/I.
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Given any standard parabolic subgroup P = MN , we define an associated subgroup of G(F )
by IP = (I ∩M(F ))N(F ).
The Frobenius automorphism a 7→ aq on Fq can be extended to σ : F → F by defining σ to
raise each coefficient to the qth power. Two elements g, h ∈ G(F ) are said to be σ-conjugate if
g = xhσ(x)−1 for some x ∈ G(F ). The collection of all σ-conjugates of an element g ∈ G(F )
will typically be denoted by [g]. Given any subgroup H of G(F ) and any g, h ∈ G(F ), we shall
denote the usual conjugation action by Hg = gHg−1 and hg = ghg−1. Given any x, y ∈ W˜ ,
we also denote by xy the extended alcove corresponding to the element xy.
2.2. The Newton and Kottwitz maps. Given any b ∈ G(F ), we denote by [b] the σ-
conjugacy class
[b] = {g−1bσ(g) | g ∈ G(F )}.
The set B(G) of σ-conjugacy classes in G(F ) is characterized by a pair of invariants: the
Newton point and the Kottwitz point. In this section we briefly review the key properties of
these two σ-conjugacy invariants, originally defined in [Kot85, Kot97].
Denote by κG : G(F )→ ΛG the natural surjection defined in [Kot97], subsequently called
the Kottwitz homomorphism. By [GHKR10, Lem. 7.2.1], the map κG induces a bijection
ΛG ←→ ΩG. Given any b ∈ G(F ), we may thus view the Kottwitz point κG(b) as specifying
an extended base alcove aω for some ω ∈ ΩG. Equivalently, κG(b) determines a coset in
Q∨/R∨ ∼= ΩG.
By [GHKR10, Cor. 7.2.2], the restriction of the map G(F ) → B(G) to NGT (F ) factors
through W˜ , and the induced map W˜  B(G) is surjective. We thus define the Newton map
only on the extended affine Weyl group, where it has an especially elementary formula; see,
for example, [Go¨r10, Sec. 4.2]. For x = tλw ∈ W˜ where λ ∈ Q∨ and the order of w ∈ W
equals m, the Newton point for x (viewed as an element of G) is given by
(2.2.1) νG(x) =
(
1
m
m∑
i=1
wi(λ)
)+
.
In particular, a Newton point ν is an element of a+Q := (X∗(T )⊗Z Q)+, which is a subset of
the dominant Weyl chamber. As with an element of the integral coweight lattice, we say that
ν ∈ a+Q is regular if and only if the stabilizer of ν in W is trivial.
Choosing any representative x˙ ∈ [b] such that x˙ ∈ W˜ , and any representative x ∈ G(F ) of
x˙ ∈ NGT (F )/T (O), the map
B(G)→ a+Q × ΛG
[b] 7→ (νG(x), κG(b))(2.2.2)
is injective [Kot97, Sec. 4.13]. By abuse of notation, we often write νG(b) to denote the
image of [b] ∈ B(G) under the Newton map, without passing to a representative in W˜ or
referencing its σ-conjugacy class. When the context is clear and no further reference to the
ambient group is required, we may also abbreviate νb := νG(b).
Definition 2.1. Given any [b] ∈ B(G), denote its Newton point by νb ∈ a+Q and its Kottwitz
point by ωb ∈ ΛG. By definition, νb ∈
⊕
Q$i, where the coefficients on the fundamental
coweights are all non-negative. If νb ∈
⊕
Z$i and νb has the same image as ωb in Q∨/R∨,
then we say that b has an integral Newton point; equivalently, νb is an integral Newton point.
Otherwise, we say that b has a non-integral Newton point; equivalently, νb is non-integral.
10 ELIZABETH MILIC´EVIC´, PETRA SCHWER, AND ANNE THOMAS
Although our definition of integrality formally requires the additional input of the Kottwitz
point, note that if Q∨ = R∨, then νb is integral if and only if νb is an element of the integral
weight lattice. Example 2.2 below illustrates how the same Newton point (representing
two different σ-conjugacy classes) can be both integral and non-integral, if more generally
Q∨ 6= R∨. The primary motivation for splitting the cases as we have in Definition 2.1 arises
later in Proposition 3.6, in which our formulas for standard representatives fall precisely into
these two distinct cases.
a0
α∨2
α∨1
$2
$1
Figure 2. Newton points and their standard representatives in type C˜2.
Example 2.2. In Figure 2, the coroot lattice R∨ = Z2 for type C˜2 is shown in black, and the
lattice $2 +R
∨ is shown in blue. Consider b = t3$2 ∈ W˜ whose (extended) alcove b is shaded
teal. The element b has Newton point νb =
(
3
2 ,
3
2
)
= 3$2 by (2.2.1). The translation part
3$2 of b is an element of the blue lattice, and so the element b has Kottwitz point ωb = $2.
Since 2$2 ∈ R∨, the Newton point νb maps to $2 ∈ Q∨/R∨, and so νb = 3$2 is integral by
Definition 2.1.
On the other hand, consider µ = (2, 1) = 2α∨1 + 3α∨2 and define b′ = tµs1 ∈ W˜ , which
corresponds to a (non-extended) alcove b′ shaded dark blue, Again by (2.2.1), we have
νb′ = 3$2. In particular, b and b
′ have the same Newton points. However, since µ ∈ R∨, then
ωb′ = 0, which is not equal to the image of νb′ in Q
∨/R∨. Therefore, νb′ = 3$2 is non-integral
in this case. Figure 2 is discussed in more detail later in Example 3.7.
We continue by reviewing the geometric method for associating a standard parabolic
subgroup to a Newton point; see [GHKR10, Sec. 7] for equivalent algebraic interpretations.
Recall that the dominant Weyl chamber decomposes as C = ∐ a+P , where P ranges over the
standard parabolic subgroups.
Definition 2.3. Given any [b] ∈ B(G), denote the associated Newton point by ν = νG(b).
The parabolic subgroup associated to ν is defined to be the unique standard parabolic subgroup
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Pν such that ν ∈ a+P . Equivalently, Pν = MN is defined by the criterion
(2.2.3) αi ∈ ∆M ⇐⇒ ν ∈ Hαi .
We now mention several important special cases which arise elsewhere in the literature;
compare [GHKR10, Ex. 11.3.6], for example.
Example 2.4. Let [b] ∈ B(G), and denote by ν = νG(b) the associated Newton point.
(1) Pν = B if and only if ν is regular.
(2) Pν = G if and only if ν in the ω-sheet projects onto the origin in the 0-sheet.
2.3. Standard representatives for Newton points. Denote by B(G)P the subset of
B(G) consisting of all elements [b] such that Pνb equals P , and note that B(G) =
∐
B(G)P ,
where P runs over the set of all standard parabolic subgroups. In this section, we review the
fact that the elements of B(G)P can be represented by certain convenient elements in the
corresponding Levi subgroup M(F ).
An element b ∈ G(F ) is called basic if its image under the Newton map νb factors through
the center Z(G) of G. Fix a standard parabolic subgroup P with Levi decomposition P =
MN . For any basic element [bm] ∈ B(M), the image under the Newton map with respect to
M satisfies νM (bm) ∈ aP , although it may not additionally satisfy νM (bm) ∈ a+P . Denote by
B(M)+bas the subset of basic elements [bm] ∈ B(M) such that νM (bm) ∈ a+P . Then by [Kot97,
Sec. 5], there is a bijection B(M)+bas ←→ B(G)P .
By [GHKR10, Lemma 7.2.1], the elements in ΩM ⊂M(F ) are M -basic, and furthermore,
the canonical map ΩM → B(M)bas is a bijection. Denote by Ω+M the subset of ΩM which is
in bijection with B(M)+bas under this map, so that
(2.3.1) Ω+M ←→ B(M)+bas ←→ B(G)P .
The following is a slight reformulation of [GHKR10, Def. 7.2.3].
Definition 2.5. Given any [b] ∈ B(G)P ⊂ B(G) associated to the Newton point ν =
νG(b), the element bν ∈ Ω+M obtained from the bijections in (2.3.1) is called the standard
representative of [b].
The next lemma simply rephrases the criteria characterizing the standard representative
from the bijections in (2.3.1) as a more convenient checklist, although we include a proof for
the sake of completeness.
Lemma 2.6. Let [b] ∈ B(G)P , and denote by (νb, ωb) the associated Newton and Kottwitz
points. The element bν ∈ W˜ is the standard representative of [b] if and only if the following
three conditions hold:
(1) κG(bν) = ωb,
(2) bν ∈ ΩM , and
(3) νM (bν) = νb.
In particular, these conditions imply that bν ∈ [b].
Proof. If bν is the standard representative of [b], then in particular bν ∈ [b]. By (2.2.2), we
thus have νG(bν) = νb and κG(bν) = ωb. In particular, condition (1) holds. Condition (2) is
necessary by (2.3.1). In addition, νM (bν) ∈ a+P is already G-dominant, and so νb = νG(bν) =
νM (bν), which means that (3) holds as well.
Conversely, assume that the three above conditions hold. Condition (2) guarantees that
bν ∈ ΩM is an M -basic element. Condition (3) then implies that νM (bν) = νb is already
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G-dominant, and so νM (bν) = νG(bν) = νb. Together with condition (1), we thus have by
(2.2.2) that bν ∈ [b]. Therefore, [bν ] ∈ B(M)+bas represents [b] ∈ B(G)P , as required for bν to
be the standard representative. 
We now record the standard representatives for σ-conjugacy classes having one of the two
associated parabolic subgroups studied in Example 2.4; compare [GHKR10, Ex. 11.3.6].
Example 2.7. Let [b] ∈ B(G)P . Denote by ν = νG(b) the Newton point, and let bν denote
the standard representative for [b].
(1) If P = B, then M = T ∼= (Gm)n and bν is the translation tν = (t$1)ν1 · · · (t$n)νn ∈
ΩM , where ν =
∑
νi$i 7→ (ν1, . . . , νn) under the isomorphism X∗(T ) ∼= Zn.
(2) If P = G, then bν = 1 if ν = 0; otherwise ν = νG(ω) where ω = t
ηv ∈ ΩG is such
that η ∈ Q∨ projects onto a vertex of the base alcove a0, and bν = ω.
More generally, given [b] ∈ B(G)P with Newton point ν, we shall typically express the
standard representative as bν = t
ηv ∈ W˜ , where η ∈ Q∨ and v ∈ WM . As discussed in
[GHKR10, Sec. 7], the coweight η is both M -dominant and M -minuscule, meaning that
〈αi, η〉 ∈ {0, 1} for all αi ∈ ∆M . The colored alcoves in Figure 2 depict the standard
representatives in type C˜2, which are discussed in more detail in Example 3.7 after we have
explicit formulas.
2.4. Affine Deligne–Lusztig varieties. This section provides a brief review of the defini-
tion of affine Deligne–Lusztig varieties in the affine flag variety, together with the key results
from [GHKR10] upon which our work builds.
Given any x ∈ W˜ and b ∈ G(F ), the affine Deligne–Lusztig variety associated to this pair
of elements is defined as
Xx(b) = {g ∈ G(F )/I | g−1bσ(g) ∈ IxI}.
In contrast to their classical counterparts, affine Deligne–Lusztig varieties may be empty,
and it remains an open problem to fully characterize the precise conditions which determine
nonemptiness.
In [GHKR10], both the nonemptiness problem and dimension calculations are rephrased
in terms of intersections of I and conjugates of IP -orbits. Below we provide a slight reformu-
lation of the main results from [GHKR10, Sec. 11], which we shall reinterpret later in Section
4. We include a short proof for the sake of completeness, since the statements do not appear
there in precisely this form.
Theorem 2.8 ([GHKR10]). Let [b] ∈ B(G)P , and denote the corresponding Newton point
by ν and the standard representative by bν . For any x ∈ W˜ , we have
(1) Xx(b) 6= ∅ if and only if there exists y ∈ W˜ such that Ixa0 ∩ IyP byνa0 6= ∅.
(2) If Xx(b) 6= ∅, then
dimXx(b) = sup
y∈W˜
(
dim
(
Ixa0 ∩ IyP byνa0
))− 〈2ρ, ν〉.
Proof. Since [b] ∈ B(G)P , we have by [GHKR10, Eq. (11.3.1)] that
dimXx(bν) = sup
z∈W˜
(dim (Xx(bν) ∩ IP za0)) .
Next, [GHKR10, Thm. 11.3.1] says that the dimensions on the righthand side equal
dim(Xx(bν) ∩ IP za0) = dim
(
Ixa0 ∩ Iz−1P bz
−1
ν a0
)
− 〈ρ, νG(bν) + νM (bν)〉.
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By property (3) of Lemma 2.6, since bν is the standard representative for [b], then in fact
νM (bν) = νG(bν) = ν. Since bν ∈ [b], then Xx(b) ∼= Xx(bν), in which case dimXx(b) =
dimXx(bν). Finally, note that the value 〈2ρ, ν〉 is independent of z ∈ W˜ . The result now
follows by replacing z = y−1. 
2.5. Galleries and chimneys. We direct the reader to [MST19] and to our more recent
work [MNST19] with Naqvi for all background concerning combinatorial galleries and chim-
neys. In this section, we briefly recall only those concepts which play a key role this paper.
Every choice of a sub-root system, and hence choice of a standard spherical parabolic
subgroup P , determines a P -chimney in the 0-sheet as defined in [MNST19, Def. 3.1]. While
formally a collection of half-apartments in the 0-sheet, chimneys are represented by P -sectors,
which are regions of A lying between pairs of adjacent hyperplanes for all positive roots in
the defining sub-root system associated to P , and which go off to infinity in the other root
directions. An important special case occurs when the sub-root system is the empty set
and P = B, in which case chimneys are maximal simplices in the spherical building at
infinity, represented by parallel sectors in A; equivalently, by Weyl chambers. See [MNST19,
Rmk. 3.2] for more background on the geometric interpretation.
γ
+− +− +− +− +− +−
+
−
+
−
+
−
+
−
+
−
+
−
+− +− +− +− +− +−
+− +− +− +− +− +−
+− +− +− +− +− +−
+− +− +− +− +− +−
+− +− +− +− +− +−
+ − +− +− + − − + − +
+ − +− +− − + − + − +
+ − +− −+ − + − + − +
+− +− +− − + −+ − +
+− +− −+ − + −+ − +
+− −+ −+ − + −+ − +
+− +− +− +− +− +−
+− +− +− +− +− +−
+− +− +− +− +− +−
+ − +− +− +− +− +−
+ − +− +− +− +− +−
+ − +− +− +− +− +−
Figure 3. For i = 1 and 2, the coroot α∨i and the orientation induced by the
P1-chimney on αi-hyperplanes are shown in red and green, respectively. The
orientation induced on (α∨1 + α∨2 )-hyperplanes is shown in black.
Recall that the ω-sheets overlay each other such that the fundamental alcoves aω and the
Weyl chambers coincide; see Figure 3 for an illustration for G = PGL3, where an extended
alcove is pictured as a triangle together with a choice of a colored vertex. In particular, base
alcoves aω and aω′ for ω 6= ω′ both correspond to the same grey triangle, but are based at
lattice elements of two different colors. We say that an extended alcove (or panel) sits above
or below another extended alcove (or panel) if they project to the same alcove (or panel) in
the 0-sheet. In Figure 3, such alcoves (or panels) then correspond to the same simplex with
a different base vertex. As for alcoves and panels, we may speak of walls, half-apartments,
chimneys, and sectors as sitting above or below one another.
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The affine Weyl group W admits a natural action on the set of chimneys and on the set
of sectors, which is induced by the action of W on the set of half-apartments; see [MNST19,
Def. 3.7] for a formal definition. We extend this action to a left-action of W˜ as follows.
The image of a P -chimney under ω ∈ ΩG is the collection of half-apartments in the ω-sheet
which projects to the given P -chimney in the 0-sheet; i.e. the ω-image of the P -chimney is
the chimney in the ω-sheet sitting above it. For any given y = zω ∈ W˜ ∼= W o ΩG, the
(P, y)-chimney is defined to be the y-image of the P -chimney under this action; equivalently,
the z-image inside the ω-sheet of the chimney sitting above the P -chimney.
α∨2 α∨1
a0
s1 s2
s1s2 s2s1
w0
(P1,1)
(P1, s1)
(P1, s2)
(P1, s1s2)
(P1, s2s1)
(P1, w0)
Figure 4. A sector representing the (P1, u)-chimney, for each u ∈W .
We illustrate the action of W on a chimney in Figure 4. For each u ∈W we have shaded
a sector representing the (P1, u)-chimney. More generally, for any y = t
µu ∈ W˜ with µ ∈ Q∨
and u ∈ W , a sector representing the (P1, y)-chimney can be obtained by translating by µ
any sector representing the (P1, u)-chimney. Thus, every (P1, y)-chimney is represented by a
sector which is a translate to the ω-sheet of one of the shaded regions in Figure 4 for some
ω ∈ ΩG.
Every chimney in a given ω-sheet induces an orientation on that sheet as defined in
[MNST19, Def. 3.23]. Formally, an orientation is a map that assigns either + or − to every
pair of an extended alcove and a panel contained in it. Fix a chimney in the ω-sheet, and
denote by φ the orientation it induces. We extend φ to all other sheets of ΩG×a by assigning
to a pair of an alcove in the ω′-sheet and a panel contained in it the same value as for the pair
sitting above or below it in the ω-sheet. Figure 3 shows the orientation of pairs of extended
alcoves and panels for all overlaying sheets together in one picture. The opposite standard
orientation is the orientation on ΩG×a corresponding to P = B. For the rest of this section,
we fix an orientation φ on all sheets of ΩG×a, which is induced by a particular (P, y)-chimney.
A (combinatorial) gallery γ is a sequence of (extended) alcoves ci and panels pi, contained
in ci and ci−1. We say that γ is contained in the ω-sheet if one (and hence all) of its alcoves
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is in the ω-sheet. The type of γ is the sequence in S˜ given by the types sji ∈ S˜ of the
panels pi in γ. More specifically, a minimal gallery γ : a  x contained in the ω-sheet has
first alcove a = aω and end alcove x = xa0 for some x = zω ∈ W˜ ∼= W o ΩG. Writing
the reduced expression z = si1si2 · · · sik ∈ W corresponding to the types in the 0-sheet of
the panels sitting below those of γ, we have x = si1si2 · · · sikω ∈ W˜ . The type of γ is then
denoted by ~x = (sj1 , sj2 , . . . , sjk), where jl = ω(il) for all 1 ≤ l ≤ k. There is thus a natural
action of W˜ ∼= W o ΩG on the set of all combinatorial galleries. The subgroup W acts in a
type-preserving way on each individual sheet, while ΩG permutes the sheets and acts on the
type by the induced permutation action on the set of indices I˜.
A gallery is folded at pi if ci = ci−1, and we say that this fold is positive (with respect to the
(P, y)-chimney) if ci = ci−1 and the orientation φ assigns + to the pair (ci, pi). More generally,
a gallery γ is positively folded (with respect to the (P, y)-chimney) if all of its folds are positive
with respect to φ. If ci 6= ci−1, the gallery has a crossing at pi. A crossing is positive (with
respect to the (P, y)-chimney) if the orientation φ assigns + to the pair (ci, pi). For further
details, see Section 2.2 in [MNST19]. Positively folded galleries may be constructed using
PRS-folding sequences, which the authors introduced in [MST19, Def. 3.16]. A PRS-folding
sequence is a sequence of galleries where the next entry in the sequence is obtained from the
previous gallery by reflecting a shorter and shorter tail at a particular panel.
We further illustrate these concepts for the group G = PGL3. In Figure 3, the shaded
region is a sector representing the P1-chimney, and we show using + and − signs the ori-
entation induced by this chimney. For each hyperplane, the + signs are on the side of the
hyperplane facing away from the “point at infinity” corresponding to the chimney. We
also include in this figure an example of a gallery γ which is positively folded with re-
spect to the P1-chimney. Roughly speaking, this means that the blue gallery γ is always
“folded away” from the chimney. Viewed as a gallery contained in the 0-sheet, the type
of γ is (s2, s0, s1, s0, s2, s0, s1, s2, s0, s1, s2, s0, s1, s0, s2, s0). If we view γ as a gallery con-
tained in the $1-sheet based at the red vertex of a$1 , then the corresponding rotation
of a0 induces a 3-cycle on the set of indices I˜ = {0, 1, 2}, and the type of γ is instead
(s1, s2, s0, s2, s1, s2, s0, s1, s2, s0, s1, s2, s0, s2, s1, s2).
3. Averaging operators and Newton points with rank 1 parabolics
Apart from the special cases reviewed in Example 2.7, explicit formulas for standard rep-
resentatives of σ-conjugacy classes have only been recorded for the group G = GLm in matrix
form; see [GHKR10, Ex. 7.2.5]. Our first proposition provides explicit type-free formulas for
standard representatives of σ-conjugacy classes having associated parabolic subgroups with
a Levi subgroup of rank 1. In this case, ∆M = {αi} for some i ∈ [n], and we denote the cor-
responding parabolic subgroup of rank 1 by Pi = MN . The dimension of the corresponding
open chamber a+Pi then equals n− 1.
The primary purpose of this section is to prove Proposition 3.6, which presents formulas
for those standard representatives bν such that Pν = Pi. In Section 3.1, we provide a char-
acterization of Newton points by means of an averaging projection, which then allows us to
compute explicit formulas for Newton points associated to rank 1 parabolics in Section 3.2.
An explicit description of their standard representatives is then given in Section 3.3.
3.1. Averaging projection operators. The proof of Proposition 3.6 requires several lem-
mas which aim to characterize the Newton points associated to rank 1 parabolic subgroups.
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For this purpose, we first reformulate the method for calculating the Newton point of an
element of the extended affine Weyl group as applying a certain projection operator.
Definition 3.1. Let w ∈W be an element of order m. The averaging projection for w is the
linear operator on a defined by
Aw :=
1
m
(
I + w + w2 + · · ·+ wm−1) ,
where I denotes the identity operator.
For any x = tλw ∈ W˜ , note by (2.2.1) that νG(x) = (Awλ)+, which motivates the study of
this family of operators. We begin with a lemma relating the Newton point of a σ-conjugacy
class to the image of an averaging operator determined by its standard representative.
Lemma 3.2. Let [b] ∈ B(G)P , and denote the corresponding Newton point by ν = νG(b). If
bν = t
ηv denotes the standard representative for [b], then ν = Avη.
Proof. This follows from property (3) of the standard representative in Lemma 2.6, since
ν = νM (bν) = Avη. 
Next, we gather several easy properties of averaging projections, including justifying the
terminology.
Lemma 3.3. The averaging projection Aw for any w ∈W satisfies the following:
(1) Aww = Aw.
(2) uAwu
−1 = Auwu−1 for any u ∈W .
(3) Aw is a projection.
(4) If w is a reflection, then Aw is the orthogonal projection onto the hyperplane fixed
by w.
(5) Im(I − w) ⊆ Ker(Aw).
(6) Im(Aw) ⊆ Ker(I − w).
Proof. Properties (1) and (2) are clear from the definition of Aw, and property (3) follows
from (1). For (4), by definition w = usiu
−1 for some si, u ∈ W . Hence by (2), we have
Aw = uAsiu
−1. The groupW acts by isometries on a and conjugates of orthogonal projections
by isometries are orthogonal projections, so it suffices to show that Asi is the orthogonal
projection onto Hαi . Now for any point v of a, we have
Asiv =
1
2
(v + siv) = v − 1
2
(v − siv)
which is the orthogonal projection ontoHαi . For properties (5) and (6), note that Aw(I−w) =
(I − w)Aw = 0. 
The orthogonal projections of the form Asi will play an especially important role, so
we also occasionally use the more intuitive notation Asi = proji to denote the orthogonal
projection of the standard apartment a onto the (simple) hyperplane Hαi .
Next, we prove using the properties in Lemma 3.3 above that the two containments in (5)
and (6) are in fact equalities.
Corollary 3.4. Let w ∈W . Then
Ker(Aw) = Im(I − w), and
Im(Aw) = Ker(I − w).
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Proof. First, compute directly using Lemma 3.3(6) that Ker(I−w) ⊆ Ker(I−Aw). Recalling
from Lemma 3.3(3) that Aw is a projection operator, we also know that Ker(I − Aw) =
Im(Aw). Combining these observations with Lemma 3.3(6) again, we have
Im(Aw) ⊆ Ker(I − w) ⊆ Ker(I −Aw) = Im(Aw).
In particular, Im(Aw) = Ker(I − w), which proves the second desired equality. Combining
this equality with the Rank-Nullity Theorem applied twice to the pair of operators Aw and
I − w, we deduce that Ker(Aw) and Im(I − w) have the same dimension. Applying Lemma
3.3(5) then yields the first equality. 
3.2. Formulas for Newton points with rank 1 associated parabolics. In this section,
we aim to explicitly describe those Newton points which have an associated parabolic sub-
group of rank 1. Using the results on the averaging operators from the previous section, we
prove the following lemma, which provides several concrete formulas for such Newton points.
Lemma 3.5. Let [b] ∈ B(G)P , and denote the corresponding Newton point by ν = νG(b) and
Kottwitz point by ω = κG(b). If P = Pi is a rank 1 parabolic subgroup, then
(3.2.1) ν = Asiλ = proji(λ)
for some λ ∈ Q∨ such that κG(λ) = ω. More explicitly, for any such λ ∈ Q∨,
(3.2.2) ν = λ− 〈αi, λ〉
2
α∨i , where 〈αi, λ〉 =
{
2k if ν is integral,
2k + 1 if ν is non-integral,
for some k ∈ Z. Equivalently, for any such λ ∈ Q∨, if we denote by mj = 〈αj , λ〉, then
(3.2.3) ν =
∑
j 6=i
(
mj − micji
2
)
$j ,
where C = (cij) is the Cartan matrix.
Proof. By (2.2.1), the definition of the averaging operator Aw, and the fact that the elements
of W˜ represent B(G), we must have ν = νG(t
λw) = (Awλ)
+ for some λ ∈ Q∨ and w ∈ W .
Further, in order that tλw ∈ W˜ represents [b] ∈ B(G)P , we must also have κG(λ) = ω. Since
ν = (Awλ)
+, then ν = u (Awλ) for some u ∈W . By part (4) of Lemma 3.3, we thus see that
ν = Auwu−1(uλ). Since uλ ∈ Q∨ also satisfies κG(uλ) = κG(λ) = ω, we thus assume without
loss of generality that ν = Awλ, meaning that Awλ is already dominant.
Now suppose that P is a rank 1 parabolic subgroup, so that P = Pi for some i ∈ [n]. By
(2.2.3), we have ν ∈ Hαi , but ν /∈ Hαj for any j 6= i. Equivalently,
〈αi, ν〉 = 0, and
〈αj , ν〉 > 0 for j 6= i.(3.2.4)
Since ν = Awλ, we have ν ∈ Im(Aw) and so by Corollary 3.4 we also have ν ∈ Ker(I − w).
In particular, ν is fixed by the action of w. Combining this observation with (3.2.4) and the
W -invariance of the evaluation pairing, we have
〈wαi, ν〉 = 0, and
〈wαj , ν〉 > 0 for j 6= i.
Therefore, we must have wαi = −αi and so in fact w = si. In words, ν is simply the image
of the orthogonal projection of λ onto Hαi . Altogether, we have thus shown that there exists
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λ ∈ Q∨ such that Asiλ = ν and κG(λ) = ω. Throughout the remainder of the proof, fix any
such λ ∈ Q∨.
Using that si(λ) = λ− 〈αi, λ〉α∨i , we compute directly that
(3.2.5) ν = Asiλ =
1
2
(λ+ siλ) = λ− 〈αi, λ〉
2
α∨i ,
which proves the first equality in (3.2.2). Dualizing Equation (14) from [Bou02, Ch. VI §1.10],
the simple coroots can be written in terms of the basis of fundamental coweights as
(3.2.6) α∨i =
∑
cji$j ,
where C = (cij) is the Cartan matrix. Write λ =
∑
mj$j in terms of the basis of fundamental
coweights, where mj = 〈αj , λ〉 for all j ∈ [n] by duality. Using the fact that cii = 2, we thus
see from (3.2.5) and (3.2.6) that
ν =
n∑
j=1
mj$j − mi
2
n∑
j=1
cji$j =
∑
j 6=i
(
mj − micji
2
)
$j ,
confirming (3.2.3).
Finally, we consider the parity of 〈αi, λ〉. By (3.2.5), all λ ∈ Q∨ such that Asiλ = ν are of
the form
(3.2.7) λ = ν +
m
2
α∨i
for some m ∈ Z. First suppose that ν is integral, so that ν ∈ Q∨. Since λ ∈ Q∨ as well,
(3.2.7) implies that m must be even in this case. Conversely, if m is even, then λ and ν differ
by an element of R∨, and so κG(ν) = κG(λ) = ω. In addition, if m is even, then (3.2.7)
implies that ν ∈ Q∨. Therefore, if m is even, then ν is integral in the sense of Definition 2.1.
Altogether, we have thus proved that m is even if and only if ν is integral, confirming the
parity statement in (3.2.2) and concluding the proof. 
3.3. Standard representatives for Newton points with rank 1 parabolics. We are
now prepared to prove the following proposition concerning standard representatives for σ-
conjugacy classes having Newton points with associated parabolic subgroups of rank 1.
Proposition 3.6. Let [b] ∈ B(G)P . Denote by ν = νG(b) the Newton point, and let bν denote
the standard representative for [b].
(1) If P = Pi and ν is integral, then bν is the translation t
ν .
(2) If P = Pi and ν is non-integral, then bν = t
ηsi where
η = ν +
1
2
α∨i .
Equivalently, η is the unique element of Hαi,1 ∩Q∨ such that
ν = Asiη = proji(η).
Proof. Recall that ν = νG(b) is the Newton point of [b] ∈ B(G)P , and denote the Kottwitz
point by ω = κG(b). Throughout the proof, we assume that P = Pi is a rank 1 parabolic
subgroup, in which case the Levi subgroup M is isomorphic to Gi−1m ×G1 ×Gn−im , where G1
is a rank 1 group of type A˜1. Since ∆M = {αi}, then ΩM is generated by the translations
t$j for all j 6= i, together with the element τi := t$isi. Moreover, the action of si is trivial
on all t$j such that j 6= i.
ADLVS AND FOLDED GALLERIES GOVERNED BY CHIMNEYS 19
We first consider the case where ν is integral. We need only verify that tν satisfies the
three properties from Lemma 2.6. Recall by Definition 2.1 that ν has the same image as ω in
Q∨/R∨ since ν is integral, and so κG(tν) = ω, verifying property (1) for bν = tν . Since ν =∑
j 6=i νj$j ∈ Q∨ for some νj ∈ Z by (3.2.3), we see that tν = (t$1)ν1 · · ·1 · · · (t$n)νn , where
1 occurs in the ith coordinate. In particular, tν ∈ ΩM , confirming property (2) of Lemma
2.6. Finally, using (2.2.1), since tν is a translation and ν ∈ a+P , we have νM (tν) = νG(tν) = ν,
confirming property (3). Therefore, bν = t
ν is the standard representative for [b] in the case
where ν is integral.
Now consider the case where ν is non-integral. By Lemma 3.5, we have ν = Asiλ for some
λ ∈ Q∨ such that both κG(λ) = ω and 〈αi, λ〉 = 2k+1 for some k ∈ Z. Consider η = λ−kα∨i .
Then Asiη = ν as well, since Asiλ = ν and λ and η differ by a multiple of α
∨
i . In addition,
(3.3.1) 〈αi, η〉 = 〈αi, λ− kα∨i 〉 = 〈αi, λ〉 − k〈αi, α∨i 〉 = (2k + 1)− k(2) = 1,
so that η ∈ Hαi,1 ∩Q∨. In particular, η = ν + 12α∨i . In addition, note that by definition,
(3.3.2) κG(η) = κG
(
λ− kα∨i
)
= κG(λ).
Now define bν = t
ηsi. By (3.3.2) and our choice of λ, we have that κG(bν) = κG(η) =
κG(λ) = ω, verifying property (1) of Lemma 2.6. Recalling (3.2.6) and applying (3.2.3) to η,
we have
η = ν +
1
2
α∨i =
∑
j 6=i
(
mj − micji
2
)
$j +
1
2
 n∑
j=1
cji$j
 = $i +∑
j 6=i
mj$j ,
where mj = 〈αj , η〉 and mi = 1 by (3.3.1). Therefore, bν = tηsi = (t$1)m1 · · · τi · · · (t$n)mn ∈
ΩM since si acts trivially on t
$j for all j 6= i, confirming property (2). Finally, νM (bν) =
Asiη = ν, so that bν satisfies property (3). By Lemma 2.6, we have that bν = t
ηsi is the
standard representative for [b] in the case where ν is non-integral. 
We now complete our discussion of Figure 2 from Section 2.2 illustrating Proposition 3.6.
Example 3.7. Figure 2 illustrates the four families of standard representatives in type C˜2
obtained from Proposition 3.6. The parabolic P = P1 corresponds to the Newton points in the
Z>0-span of $2 highlighted in green, all of which are contained in the hyperplane Hα1 . The
dark blue alcoves correspond to standard representatives having Kottwitz point 0 ∈ Q∨/R∨,
whereas elements for the teal alcoves have Kottwitz point $2 ∈ Q∨/R∨. The Newton point
ν is integral for precisely those alcoves whose translation part lies on the hyperplane Hα1 ;
these translation alcoves are depicted as teal and dark blue in alternation. The standard
representatives for the non-integral Newton points having P = P1 are similarly shaded in
alternating dark blue and teal, though now along the affine hyperplane Hα1,1, and located
in the s1-spherical position. Note that each green Newton point along the hyperplane Hα1 is
represented by two distinct σ-conjugacy classes, one for each element of Q∨/R∨.
There are again two families of standard representatives corresponding to Newton points
such that P = P2. The pink alcoves along Hα2 depict the translation alcoves representing the
integral Newton points highlighted in dark pink. The orange alcoves based on Hα2,1 are the
standard representatives for the non-integral Newton points highlighted in dark orange. For
P = P2, each Newton point along Hα2 represents a unique σ-conjugacy class, in contrast to
the situation for P = P1. This distinction will play an important role later in Lemma 5.10.
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4. Affine Deligne–Lusztig varieties and labeled folded alcove walks
This section provides a precise connection between galleries which are positively folded
with respect to a chimney and affine Deligne–Lusztig varieties in the affine flag variety. The
main result is Theorem 1.1, restated and then proved in Section 4.1, which takes the problems
of determining nonemptiness and calculating dimensions from [GHKR10] summarized here
as Theorem 2.8, and translates these questions into the language of positively folded galleries
with respect to a chimney. We then briefly illustrate in Section 4.2 how to use the folded
galleries constructed in [MST19] to reprove nonemptiness for regular integral Newton points
as a special case of Theorem 1.1.
4.1. Dimension formulas and folded galleries. The orbits which appear in Theorem 2.8
are precisely those which were studied by the authors in recent joint work with Naqvi on
retractions based at chimneys. We thus continue by reviewing one of the main theorems
from [MNST19], which permits the translation of Theorem 2.8 into gallery combinatorics.
We remark that the proofs in [MNST19] equally apply to all alcoves in the same fixed
ω-sheet of extended alcoves for any ω ∈ ΩG. Since a necessary condition for the intersection
Ixa0∩ IyP bya0 to be nonempty is that the alcoves x and by are in the same sheet of extended
alcoves, we may freely state Theorem 4.1 in this slightly greater level of generality.
Theorem 4.1 ([MNST19], Thm. 1.2). Let b, x, y ∈ W˜ . Let P be a standard spherical para-
bolic subgroup of G(F ). There is a bijection between the points of the intersection
Ixa0 ∩ IyP bya0
and the set of galleries γ : a  by of type ~x which are positively folded with respect to the
(P, y)-chimney.
We proceed to generalize the discussion of [MST19, Sec. 4] by defining the dimension of
a gallery which is positively folded with respect to a chimney. For any gallery γ which is
positively folded with respect to the (P, y)-chimney, denote by pyP (γ) the number of positive
crossings, and by fyP (γ) the number of folds in the gallery γ.
Definition 4.2. Let P be a spherical parabolic subgroup of G(F ), and let y ∈ W˜ . Given
any gallery γ which is positively folded with respect to the (P, y)-chimney, the dimension of
γ with respect to the (P, y)-chimney, denoted dimyP (γ), is defined to be
dimyP (γ) = p
y
P (γ) + f
y
P (γ).
When the choice of chimney is clear, we abbreviate these statistics as dim(γ), p(γ), and f(γ),
respectively.
Roughly speaking, the crossings in a gallery which move in a direction “away” from the
chimney are those which contribute to the dimension, as the next example illustrates.
Example 4.3. Consider the blue gallery γ in Figure 3, which is positively folded with respect
to the P1-chimney shaded in grey. Before the first fold, only the 2 crossings of hyperplanes
parallel to Hα1 are positive. By contrast, all 7 crossings after the first fold are positive
crossings, each of which takes a step “away” from the chimney. Together with the 2 folds,
we thus see that dim(γ) = p(γ) + f(γ) = 9 + 2 = 11. Moreover, this dimension calculation is
identical independent of the sheet of extended alcoves containing γ.
The choice of terminology is justified by the following lemma, which says that the dimen-
sion of a gallery which is positively folded with respect to the (P, y)-chimney coincides with
the dimension of the intersection of the Iwahori and IyP -orbits occurring in Theorem 4.1.
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Lemma 4.4. Let b, x, y ∈ W˜ . Let P be a standard spherical parabolic subgroup of G(F ). If
Ixa0 ∩ IyP bya0 6= ∅, then
(4.1.1) dim
(
Ixa0 ∩ IyP bya0
)
= max{dimyP (γ)},
where γ : a  by is a gallery of type ~x which is positively folded with respect to the (P, y)-
chimney.
Proof. The proof of [MNST19, Prop. 5.9] shows that the chimney orientations correspond to
a stratification on the intersection Ixa0∩IyP bya0 by products of the form Ap(γ)× (A\{0})f(γ).
The same argument as in the proof of [MST19, Prop. 5.6] thus applies, replacing U− by
IP . 
We now repeat Theorem 1.1 from the introduction and give a proof.
Theorem 1.1. Let [b] ∈ B(G)P where P is a standard spherical parabolic subgroup of G(F ).
Denote the Newton point of [b] by ν and the standard representative by bν . For any x ∈ W˜ :
(1) Xx(b) 6= ∅ if and only if for some y ∈ W˜ , there exists a gallery γ : a byν of type ~x
which is positively folded with respect to the (P, y)-chimney.
(2) If Xx(b) 6= ∅, then
dimXx(b) =
(
sup
y∈W˜
dim(γ)
)
− 〈2ρ, ν〉,
where we take the supremum over all galleries γ as in (1).
Proof. Combine part (1) of Theorem 2.8 with Theorem 4.1 for the nonemptiness statement.
Combine part (2) of Theorem 2.8 with Lemma 4.4 to obtain the dimension formula. 
4.2. Integral Newton points. In this section we briefly explain how to apply results
from [MST19] to prove Theorem 1.2 in the case that the Newton point νb is integral. We
mention that the vector ρˇ was mislabeled as ρ throughout [MST19], and we correct this error
in the statement of Theorem 4.5 below; all statements in [MST19] remain true after this
relabeling. Since we also have a dimension formula from [MST19], we prove the following.
Theorem 4.5 ([MST19]). Let b = tµ ∈ W˜ , and let νb be the Newton point of the σ-conjugacy
class [b]. Let x0 = t
λw0 ∈ W˜ be such that κG(x0) = κG(b). Assume that:
(1) x0 is contained in C˜; and
(2) νb ∈ Conv(W (λ− 2ρˇ)).
Then Xx0(b) 6= ∅, and dimXx0(b) = 〈ρ, λ− νb〉.
Proof. By σ-conjugating (equivalently conjugating) the given b by an element of W , we may
assume without loss of generality that µ is contained in the dominant Weyl chamber C, so that
νb = µ. The intersection of C with the polytope Conv(W (λ−2ρˇ)) is equal to the intersection of
C with the negative cone based at λ−2ρˇ. Since the Kottwitz points of x0 and b agree, we may
consider galleries in a single fixed sheet of extended alcoves. Therefore, by [MST19, Prop. 8.7],
for all µ in this intersection, we have Xx0(b) 6= ∅ and dimXx0(b) = 〈ρ, λ−µ〉 = 〈ρ, λ−νb〉. 
Remark 4.6. If νb = µ also lies in the shrunken dominant Weyl chamber C˜, then the result
of Theorem 4.5 can be obtained as an application of Theorem 1.1. Recall from Example 2.4
that if the Newton point ν for [b] ∈ B(G) is integral and regular, then Pν = B. By Example
2.7, the standard representative bν = t
ν in this case, and the gallery γ0 : a  bw0ν from
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[MST19, Prop. 6.7], constructed to prove the nonemptiness and dimension conclusions in
[MST19, Prop. 8.7] cited in the proof above, has type ~x0 and is positively folded with respect
to the (B,w0)-chimney. In particular, the dominant Weyl chamber is a representative sector
for this chimney, and the gallery γ0 is folded away from the chimney, as required.
5. Conjugacy classes of standard representatives
In this section we consider W˜ -conjugacy classes of standard representatives for σ-conjugacy
classes, motivated by the conjugates appearing in Theorem 1.1. Figure 5, repeated from the
introduction here with more detailed annotation, illustrates an example of the definitions
and results of this section in type A˜2. In Section 5.2, we give a precise description of the
W˜ -conjugacy classes of standard representatives for non-integral Newton points with a rank
1 parabolic subgroup. This description is based on the notion of transverse subspaces intro-
duced in Section 5.1.
5.1. Transverse subspaces and conjugacy classes. For each Newton point ν, we now
introduce a collection of associated affine subspaces of the standard apartment a. We then
relate these subspaces to the W˜ -conjugacy class of the standard representative bν .
Definition 5.1 (Transverse subspaces). Let [b] ∈ B(G)P , and denote by ν the corresponding
Newton point and by bν = t
ηv the standard representative. The affine subspace of a given by
Tν := ν + KerAv
is called the subspace transverse to ν. For any u ∈ W , the affine subspace uTν is called a
transverse subspace of ν.
In the special cases we treat in this paper, the next two results provide a concrete descrip-
tion of these transverse subspaces. See Figure 5 for an example of transverse subspaces in
parabolic rank 1, illustrating Corollary 5.3 below.
Corollary 5.2. If either [bν ] ∈ B(G)P with P = B, or [bν ] ∈ B(G)P with P = Pi and ν
integral, then the subspace transverse to ν is the single point Tν = {ν}.
Proof. By Example 2.4(1) and Proposition 3.6(1), respectively, in these two cases bν = t
ν .
Thus Av = A1 = I, and so KerAv is trivial. 
Corollary 5.3. Suppose [bν ] ∈ B(G)P with P = Pi and ν non-integral, and write bν = tηsi
as in Proposition 3.6(2). Then
Tν = ν + {rα∨i | r ∈ R}.
Proof. The result follows from Definition 5.1 and the fact that KerAsi = {rα∨i | r ∈ R}, since
by Lemma 3.3(4), the operator Asi is the orthogonal projection onto Hαi . 
For general Newton points, we observe the following.
Corollary 5.4. Let [b] ∈ B(G)P , and denote by ν the Newton point and by ω the Kottwitz
point. Let bν = t
ηv be the standard representative for [b]. Then η ∈ Tν ∩ (ω +R∨).
Proof. First recall by property (1) of the standard representative from Lemma 2.6 that
κG(bν) = κG(η) = ω, and so η ∈ ω +R∨. By definition, η ∈ Tν if and only if η − ν ∈ KerAv.
Thus we want to show that Avη = Avν. We have Avη = ν by Lemma 3.2, so it suffices
to prove that Av fixes ν. Let P = MN be the parabolic subgroup associated to ν. Then
ν ∈ ∩αi∈∆MHαi . Now v ∈WM , and it follows that v fixes ν. From the definition of Av, it is
now easy to see that Av fixes ν, as desired. 
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We now explain the connection between transverse subspaces and W˜ -conjugacy classes of
standard representatives.
Lemma 5.5. Let [b] ∈ B(G)P , and denote by ν the Newton point and by ω the Kottwitz
point. Let bν = t
ηv be the standard representative for [b]. Then for any y = tµu ∈ W˜ with
µ ∈ Q∨ and u ∈W, the conjugate byν is of the form tξuvu−1, where ξ ∈ (uTν) ∩ (ω +R∨).
Proof. First compute that byν = tξuvu−1 where
ξ = µ+ uη − uvu−1µ.
Recall from Corollary 5.4 that η ∈ ω + R∨. Since the action of W on a preserves R∨, then
ξ ∈ ω +R∨ as well, independent of µ ∈ Q∨.
It remains to show that µ+ uη − uvu−1µ lies in uTν . Multiplying on the left by u−1 and
replacing u−1µ by µ′, it is then enough to show that for all µ′ ∈ R∨, we have µ′+η−vµ′ ∈ Tν .
Now by Corollary 5.4, we have η ∈ Tν . It follows that ν + KerAv = η + KerAv. It now
suffices to show that µ′ − vµ′ ∈ KerAv. But µ′ − vµ′ = (I−v)µ′ ∈ Im(I−v) ⊆ KerAv by
Lemma 3.3(5), so we are done. 
We rephrase the previous lemma in the following immediate corollary.
Corollary 5.6. With all notation as in Lemma 5.5, the W˜ -conjugacy class of bν is contained
in the set ⋃
u∈W
{
tξuvu−1 | ξ ∈ (uTν) ∩ (ω +R∨)
}
.
We note that in general the union in the statement of Corollary 5.6 will not be disjoint.
For example, in Figure 5, if ξ ∈ Tν ∩R∨ and u = s1 then ξ ∈ uTν = Tν and tξs1 = tξus1u−1.
In this figure, the colored alcoves, which lie along the transverse subspaces, are exactly those
which are (labeled by) the elements of W˜ given in the statement of Corollary 5.6.
Motivated by Corollary 5.6, we now make the following definition.
Definition 5.7. Let [b] ∈ B(G)P , and denote by ν the Newton point and by ω the Kottwitz
point. Let bν = t
ηv be the standard representative for [b]. We say that the W˜ -conjugacy
class of bν fills out the transverse subspaces if it is equal to⋃
u∈W
{
tξuvu−1 | ξ ∈ (uTν) ∩ (ω +R∨)
}
.
The next lemma gives a convenient condition equivalent to verifying the set equality in
Definition 5.7. Recall that by Corollary 3.4, for any v ∈ W we have KerAv = Im(I−v).
However, we will see later in Examples 5.9 and 5.11 that Condition (5.1.1) below is a stronger
requirement, and by no means automatic from this equality.
Lemma 5.8. Let [b] ∈ B(G)P , and denote by ν the corresponding Newton point. Let bν = tηv
be the standard representative for [b]. The W˜ -conjugacy class of bν fills out the transverse
subspaces if and only if the following condition holds:
(5.1.1) KerAv ∩R∨ ⊆ (I−v)R∨.
Proof. Throughout the proof, denote the Kottwitz point of [b] by ω. First suppose that the
W˜ -conjugacy class of bν fills out the transverse subspaces. Then by definition, for all u ∈W
and ξ ∈ (uTν) ∩ (ω + R∨), there exists a µ ∈ Q∨ such that for y = tµu ∈ W˜ , we have
byν = tξuvu−1. As in the proof of Lemma 5.5, we have
ξ = µ+ uη − uvu−1µ.
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α∨2 α
∨
1
ρˇ
bν
ν
η
Tν = s1Tν
s1s2Tν = w0Tν
s2Tν = s2s1Tν
Figure 5. The W˜ -conjugacy class of bν = t
ρˇs1, with sectors in the same color
representing the corresponding chimneys.
Multiply on the left by u−1 and replace u−1ξ by ξ′ and u−1µ by µ′. Then for all ξ′ ∈
Tν ∩ (ω +R∨), there exists µ′ ∈ R∨ such that
ξ′ − η = µ′ − vµ′.
In other words, for all ξ′ ∈ Tν ∩ (ω +R∨), we have ξ′ − η ∈ (I−v)R∨.
Now consider an arbitrary element
∑n
j=1 cjα
∨
j ∈ KerAv ∩ R∨, where cj ∈ Z. Define
ζ := η+
∑n
j=1 cjα
∨
j . Since η ∈ Tν∩(ω+R∨) by Corollary 5.4, it follows that ζ ∈ Tν∩(ω+R∨).
So by the previous paragraph,
∑n
j=1 cjα
∨
j = ζ − η ∈ (I−v)R∨. Therefore Condition (5.1.1)
holds.
For the reverse containment, suppose Condition (5.1.1) holds, and let u ∈ W and ξ ∈
(uTν) ∩ (ω +R∨). We will construct an element µ ∈ Q∨ such that for y = tµu ∈ W˜ , we have
byν = tξuvu−1. Write ξ′ = u−1ξ, so that ξ′ ∈ Tν ∩ (ω + R∨). Since η ∈ Tν ∩ (ω + R∨) by
Corollary 5.4, it follows that
ξ′ − η ∈ KerAv ∩R∨.
Then by Condition (5.1.1), there exists µ′ ∈ R∨ such that
ξ′ − η = (I−v)µ′.
ADLVS AND FOLDED GALLERIES GOVERNED BY CHIMNEYS 25
Finally, let µ = uµ′, and recall that ξ = uξ′. Then
ξ = µ+ uη − uvu−1µ.
Thus if y = tµu, we obtain byν = tξuvu−1, as in the proof of Lemma 5.5. So the W˜ -conjugacy
class of bν fills out the transverse subspaces, as required. 
Condition (5.1.1) from the statement of Lemma 5.8 is quite subtle, as indicated by the
following examples. These examples use the indexing from the plates in Bourbaki [Bou02].
Example 5.9. Suppose that G is of type C˜2, and consider v = s2. By definition, we then
have As2 =
1
2 (I + s2). Compute that
As2(α
∨
2 ) =
1
2
(I + s2)α
∨
2 =
1
2
(
α∨2 + s2(α
∨
2 )
)
= 0,
and so α∨2 ∈ Ker(As2)∩R∨. (Alternatively, directly apply Lemma 3.3(4) or Equation (3.2.2)
from Lemma 3.5.)
On the other hand, for any c1α
∨
1 + c2α
∨
2 ∈ R∨, we have
(5.1.2) s2(c1α
∨
1 + c2α
∨
2 ) = c1s2(α
∨
1 ) + c2s2(α
∨
2 ) = c1(α
∨
1 + 2α
∨
2 )− c2α∨2 .
Therefore,
(I − s2)(c1α∨1 + c2α∨2 ) = (c1α∨1 + c2α∨2 )− (c1(α∨1 + 2α∨2 )− c2α∨2 ) = 2(c2 − c1)α∨2 .
Since c1, c2 ∈ Z, the image (I− s2)R∨ consists only of even multiples of α∨2 , and in particular
α∨2 /∈ (I − s2)R∨. Since α∨2 ∈ Ker(As2)∩R∨ but α∨2 /∈ (I − s2)R∨, Condition (5.1.1) does not
hold for v = s2 in type C˜2. (Dually, Condition (5.1.1) does not hold for v = s1 in type B˜2.)
As the next lemma suggests, the fact that Condition (5.1.1) fails for v = s2 in type C˜2 is
not problematic for our purposes. In type C˜2, for all [b] ∈ B(G)P with P = P2, Lemma 5.10
below says that the corresponding Newton point ν is integral, and so in fact bν = t
ν and we
are instead in the case of Corollary 5.2, rendering Lemma 5.8 for v = s2 (and thus Example
5.9) irrelevant for our purposes. This feature is illustrated in Figure 2, where we see that
all of the pink Newton points ν ∈ Hα2 are represented by the pink translation alcoves based
at ν. We remark that one can prove a version of Lemma 5.10 in greater generality, but we
include here only those cases which arise directly in the proof of Proposition 5.12.
Lemma 5.10. Suppose [b] ∈ B(G)P with P = Pi, and denote by ν the Newton point. If the
Kottwitz point κG(b) = 0, and either of the following conditions hold:
(1) G is of type B˜2, and i = 1; or
(2) G is of type C˜2, and i = 2;
then ν is integral.
Proof. We include the proof for G of type C˜2 and i = 2, since the argument for type B˜2 with
i = 1 follows by duality. Since κG(b) = 0, the Newton point ν is the image of an element of
R∨. It thus suffices to prove that As2(R∨) ⊆ R∨. To this end, consider any c1α∨1 +c2α∨2 ∈ R∨,
and compute using (5.1.2) that
(I + s2)(c1α
∨
1 + c2α
∨
2 ) = (c1α
∨
1 + c2α
∨
2 ) + (c1(α
∨
1 + 2α
∨
2 )− c2α∨2 )) = 2c1(α∨1 + α∨2 ).
Therefore, ν = As2(c1α
∨
1 + c2α
∨
2 ) =
1
2(I + s2)(c1α
∨
1 + c2α
∨
2 ) = c1(α
∨
1 + α
∨
2 ) ∈ R∨. Since
ν ∈ R∨ and κG(b) = 0, then ν is integral. 
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The lucky phenomenon demonstrated by Lemma 5.10, in which Condition (5.1.1) fails
precisely when no non-integral Newton points actually exist, does not always persist when
the rank of the parabolic subgroup is greater than 1. In fact, Example 5.11 below illustrates
the primary obstruction to providing a straightforward generalization of our methods to treat
parabolic subgroups of higher rank. More specifically, above parabolic rank 1, Example 5.11
shows that the W˜ -conjugacy class of a standard representative does not always fill out the
transverse subspaces.
Example 5.11. Suppose that G = SL4, and consider the element b = t
(1,0,0,−1)s1s3 ∈ W˜ .
Compute using (2.2.1) that ν := νG(b) =
(
1
2 ,
1
2 ,−12 ,−12
)
. By (2.2.3), we have Pν = MN
where the Levi subgroup M is isomorphic the product GL2×GL2 inside SL4. To distinguish
these two copies of GL2, we write M1 ×M3, where WMi = 〈si〉 are each of type A1.
We claim that b is the standard representative of [b], which we prove using Lemma 2.6.
First note that κG(b) = 0 since (1, 0, 0,−1) ∈ R∨ and G = SL4, verifying property (1). Next,
note that b = (t$1s1)·(t$3s3)−1 ∈ ΩM , verifying property (2). Therefore, νM (b) = νG(b) = ν,
satisfying property (3). By Lemma 2.6, we now have that b = t(1,0,0,−1)s1s3 is the standard
representative of [b]; compare [GHKR10, Ex. 7.2.5].
For v = s1s3, we have shown thus far that v is the spherical direction of the standard
representative bν = t
(1,0,0,−1)s1s3. Since ν ∈ Hα1 ∩Hα3 , note that the associated parabolic
subgroup is not of rank 1. We proceed to show that Condition (5.1.1) does not hold for
v = s1s3. With respect to the basis {α∨1 , α∨2 , α∨3 }, the matrix for v is
v =
−1 1 00 1 0
0 1 −1
 .
Since v has order 2,
Av =
1
2
(I +v) =
1
2
0 1 00 2 0
0 1 0
 and I−v =
2 −1 00 0 0
0 −1 2
 .
Thus,
KerAv ∩R∨ = {c1α∨1 + c3α∨3 | c1, c3 ∈ Z}.
In (5.1.1), we are thus considering whether for all c1, c3 ∈ Z the equation
c1α
∨
1 + c3α
∨
3 = (I−v)
(
3∑
i=1
diα
∨
i
)
has a solution with d1, d2, d3 ∈ Z. This is equivalent to the system
2d1 − 2d3 = c1 − c3
d2 − 2d3 = −c3,
and this system has a solution d1, d2, d3 ∈ Z if and only if the integer c1 − c3 is even. Thus
Condition (5.1.1) does not hold for v = s1s3 in W in type A˜3, showing that W˜ -conjugacy
classes of standard representatives do not necessarily fill out the transverse subspaces if the
rank of the parabolic subgroup is larger than 1.
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5.2. Conjugacy classes of standard representatives in parabolic rank 1. We now
consider W˜ -conjugacy classes of standard representatives bν where ν is non-integral and
the associated parabolic subgroup has rank 1. The main results are Corollary 5.13, which
gives a precise description of these W˜ -conjugacy classes in terms of the transverse subspaces
introduced in Section 5.1, and Proposition 5.14, which partly solves the “inverse problem”
for an element of the W˜ -conjugacy class of bν .
In contrast to Example 5.11, when the parabolic subgroup is rank 1, we have the following.
Proposition 5.12. Suppose [bν ] ∈ B(G)P with P = Pi and ν non-integral. Then
KerAsi ∩R∨ ⊆ (I−si)R∨;
that is, Condition (5.1.1) holds.
Proof. Since KerAsi ∩R∨ = {ciα∨i | ci ∈ Z}, it suffices to show that there are integers dj ∈ Z
such that
(5.2.1) α∨i = (I−si)
 n∑
j=1
djα
∨
j
 .
First note that
(I−si)α∨i = α∨i − si(α∨i ) = 2α∨i .
Recall more generally that si(α
∨
j ) = α
∨
j − 〈αi, α∨j 〉α∨i by definition. Using the conventions
in [Bou02], the value of the pairing 〈αi, α∨j 〉 = Cij equals the ij-entry of the Cartan matrix.
Now, if there exists an αj ∈ ∆ such that 〈αi, α∨j 〉 = −1, then
(I−si)α∨j = α∨j − si(α∨j ) = α∨j −
(
α∨j − 〈αi, α∨j 〉α∨i
)
= α∨j − (α∨j + α∨i ) = −α∨i ,
and so Equation (5.2.1) holds.
Using the plates from Bourbaki [Bou02], the only cases in which Cij 6= −1 for any j ∈ [n]
are G of type B˜2 with i = 1; type C˜2 with i = 2; and type G˜2 with i = 2. In type B˜2 with
i = 1, Lemma 5.10 says that ν is always integral, so there is nothing to prove, since ν is
non-integral by hypothesis. Similarly, in type C˜2 with i = 2, there is nothing to check.
Finally, suppose that G of type G˜2 and i = 2. We then have
(I−s2)α∨1 = α∨1 − s2(α∨1 ) = α∨1 − (α∨1 − 〈α2, α∨1 〉α∨2 ) = α∨1 − (α∨1 + 3α∨2 ) = −3α∨2 .
Recalling from above that (I−s2)α∨2 = 2α∨2 , we have {(I−s2)α∨j | αj ∈ ∆} = {−3α∨2 , 2α∨2 } in
this case. Taking for example d1 = d2 = −1, we see that Equation (5.2.1) holds, completing
the proof. 
We immediately obtain the following precise description of the W˜ -conjugacy classes of the
standard representatives in parabolic rank 1. For example, in Figure 5, the (labels of) the
colored alcoves are exactly the elements of the W˜ -conjugacy class of bν .
Corollary 5.13. Suppose [bν ] ∈ B(G)P with P = Pi and ν non-integral, and let ω denote
the Kottwitz point. Then the W˜ -conjugacy class of bν is equal to⋃
u∈W
{tξusiu−1 | ξ ∈ (uTν) ∩ (ω +R∨)}.
That is, the W˜ -conjugacy class of bν fills out the transverse subspaces.
Proof. Combine Lemma 5.8 and Proposition 5.12. 
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Given an element z of the W˜ -conjugacy class of bν , a natural problem is to find all y ∈ W˜
such that z = byν . The next result provides one explicit solution y ∈ W˜ to this “inverse
problem” for every such z. We do not require a complete solution to the inverse problem for
our current purposes, and so do not pursue this further. We simply remark that, given one
solution, finding all solutions would be equivalent to understanding the centralizer of bν in
W˜ . As far as we are aware, this centralizer is not known (even in the parabolic rank 1 case).
Proposition 5.14. Suppose [bν ] ∈ B(G)P with P = Pi and ν non-integral, and let ω denote
the Kottwitz point. For any u ∈ W and ζ ∈ (uTν) ∩ (ω + R∨), note by Corollary 5.13 that
z = tζusiu
−1 is in the W˜ -conjugacy class of bν . Then:
(1) there exists an integer di ∈ Z such that u−1ζ − η = diα∨i ; and
(2) if y = tµu ∈ W˜ with µ = diuη ∈ Q∨ for di ∈ Z as in (1), then z = byν .
Proof. We have u−1ζ ∈ Tν ∩ (ω + R∨) by hypothesis, and η ∈ Tν by Corollary 5.4. Since
η ∈ ω+R∨ by Corollary 5.4, using Corollary 5.3 we see that u−1ζ−η = diα∨i for some di ∈ Z,
and so (1) holds.
For (2), let y = tµu, where µ = diuη and di ∈ Z is as in part (1). Then the translation
part of byν is equal to
µ+ uη − usiu−1µ = diuη + uη − diusiη = diu(η − siη) + uη.
Since η ∈ Hαi,1 by Proposition 3.6, then siη = η − α∨i , and so η − siη = α∨i . Therefore the
translation part of byν equals
u(diα
∨
i + η) = u(u
−1ζ) = ζ
by part (1). Since the spherical direction of byν is equal to usiu
−1, we have that byν = z, as
required. 
In Figure 5, for each alcove z corresponding to an element of the W˜ -conjugacy class of
bν = t
ρˇs1, the shaded region of the same color is a sector representing the (P1, y)-chimney, for
y as in the statement of Proposition 5.14. (We do not indicate the alcoves y, as this would
make the picture too cluttered.)
6. The first target
Since if G has rank 1 all Newton points are integral and Theorem 4.5 applies, from now
on we assume that G has rank n ≥ 2. Let x0 = tλw0 ∈ W˜ be such that the alcove x0 is
in the shrunken dominant Weyl chamber. In Section 6.1, we construct a minimal gallery
γ : a x0, and then we carry out a PRS-folding sequence on γ in Section 6.2. We then use
these constructions in Section 6.3 to prove the following result.
Theorem 6.1. Let x0 = t
λw0 ∈ W˜ , and assume that x0 is in the shrunken dominant Weyl
chamber C˜. Suppose that
proji(λ− 2ρˇ) = ν,
where ν is a non-integral Newton point with associated standard spherical parabolic subgroup
Pi of rank 1. Then for any b ∈ W˜ such that νb = ν and κG(b) = κG(x0), we have Xx0(b) 6= ∅.
We will also use the constructions from this section later in Section 7.
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6.1. Construction of minimal gallery. In this section, we construct a minimal gallery
γ : a  x0 using a specific choice of reduced word for the longest element w0 ∈ W . An
example of the construction of γ in type A˜2 is given in Figure 6. Although our constructions
apply equally well to any fixed sheet of extended alcoves, we illustrate all explicit gallery
constructions in the 0-sheet.
λ
λ− ρˇ
x0
γ
a
ρˇ
α∨1α∨2
Hα2Hα1
w0
τ˜τ
τ ′
H1
H2
H3
Figure 6. An example of the construction of the minimal gallery γ : a x0.
Fix i ∈ {1, . . . , n}. The reduced word for w0 is chosen as follows. Since conjugation by
w0 permutes the (spherical) simple reflections, w0siw0 is again a simple reflection, which we
denote by si1 . Thus w0αi = −αi1 . We then denote by si2 , . . . , sin the remaining spherical
simple reflections sj for j ∈ {1, . . . , n}\{i1}, written in any order. Now choose a reduced word
~w0 = sk1 · · · sk` for w0, where ` = `(w0), which ends with the Coxeter element sinsin−1 · · · si1 .
That is, ~w0 has last letter sk` = si1 , and sk`−1 = si2 , . . . , sk`−n+1 = sin are the remaining
spherical simple reflections. In the example depicted in Figure 6, we have i = 1, and hence
i1 = 2, i2 = 1, and ~w0 = s2s1s2.
Recall that x0 = t
λw0, and suppose throughout the rest of the paper that λ ∈ ω + R∨,
or equivalently that x0 is in the ω-sheet of extended alcoves with base alcove a = aω. We
construct a minimal gallery γ : a  x0 as follows. Denote by w0 = w0a. Let the gallery
τ˜ : a  w0 be of type (sωk1 , . . . , sωk`); that is, τ˜ has the same type as ~w0, appropriately
relabeled according to the action of ω on a0. Denote by H1, H2, . . . ,H` the (ordered) list of
hyperplanes crossed by τ˜ , which is independent of ω. One can compute from the chosen word
~w0 for w0 that H1 = Hαk1 and Hj = sk1sk2 · · · skj−1Hαkj for all j = 2, . . . , `. In Figure 6, the
gallery τ˜ is the dark green gallery from a to w0, of (s2, s1, s2), and the hyperplanes H1, H2,
and H3 are also labeled in dark green.
Now let τ : w0  a be the minimal gallery that crosses the same list of hyperplanes as τ˜ ,
in the same order. In other words, the alcoves and panels in τ are opposite those in τ˜ at each
30 ELIZABETH MILIC´EVIC´, PETRA SCHWER, AND ANNE THOMAS
step, and τ can be thought of as the image of τ˜ under the opposition map in the star (or
link) of the origin. The type of τ may or may not be the same as the type of τ˜ , depending on
G. For example, if G is of type B˜2 then τ will have the same type as τ˜ . In Figure 6, in which
G is type A˜2, the gallery τ is the light green gallery from w0 to a, and τ has type (1, 2, 1),
which is different from the type of τ˜ .
Next, let τ ′ be the gallery from the w0-position at ρˇ to the identity position at ρˇ obtained
by applying the translation tρˇ to τ . Note that the translation tρˇ is not necessarily type-
preserving; however, for each simple root αk, it takes the hyperplane Hαk,0 through the
origin to the hyperplane Hαk,1 through ρˇ. In Figure 6, the gallery τ
′ = tρˇτ is also depicted
in light green.
Now let γ : a x0 be the gallery obtained by concatenating the following five galleries:
(1) a minimal gallery from a to the w0-position at ρˇ;
(2) the gallery τ ′;
(3) a minimal gallery from the identity position at ρˇ to the w0-position at λ− ρˇ;
(4) a minimal gallery from the w0-position at λ − ρˇ to the identity position at λ − ρˇ,
whose final crossing is in a panel of the αi-hyperplane passing through λ− ρˇ;
(5) a minimal gallery from the identity position at λ− ρˇ to the alcove x0, which is in the
w0-position at λ.
In Figure 6, such a gallery γ is shown in blue. The resulting gallery γ is minimal by similar
arguments to those in [MST19, Lemma 6.2], and we denote its type by ~x0. For the construc-
tions in this section we will only need some features of γ, and the remaining features will be
used in Section 7.
6.2. Folding the gallery. In this section we carry out a PRS-folding sequence on the min-
imal gallery γ : a x0 from Section 6.1 to obtain a gallery γρˇ of type ~x0, and we determine
the first and final alcoves of γρˇ. To illustrate this folding sequence, we continue the example
from Figure 6 in Figure 7 below. We also establish a sufficient condition on certain elements
y ∈ W˜ for γρˇ to be positively folded with respect to the (Pi, y)-chimney.
To obtain γρˇ from γ, we fold the first `(w0) − 1 crossings of the subgallery τ ′ = tρˇτ of
γ using a PRS-folding sequence, so that there are `(w0) − 1 folds in total, all occurring in
panels of the w0-position at ρˇ. (Note that since G has rank n ≥ 2, we have `(w0) > 1.) This
folding sequence consists of exactly the first `(w0)−1 folds of the sequence described in more
detail in [MST19, Sec. 6.2]. In Figure 7, where `(w0) − 1 = 2, recall that the subgallery τ ′
is shown in light green and γ is blue. The gray gallery is that obtained from γ by carrying
out the first fold in this folding sequence, and γρˇ is the orange gallery obtained from the gray
gallery by carrying out the second and final fold.
We note that γρˇ, like γ, has first alcove a, since this folding sequence leaves fixed the initial
minimal subgallery of γ from a to the w0-position at ρˇ. We now determine the final alcove z
of the folded gallery γρˇ.
Lemma 6.2. The spherical direction of z is si1 = w0siw0.
For example, in Figure 7, we have i1 = 2 and the spherical direction of z is in fact s2.
Proof. By construction, the final alcove x0 of γ has spherical direction w0. The subgallery
τ ′ = tρˇτ of γ crosses the hyperplanes tρˇH1, . . . , tρˇH`, in this order, and all folds of γρˇ occur
within τ ′. Thus the spherical direction of z can be found by first translating x0 by −ρˇ, then
folding the first `(w0)−1 crossings of τ , then applying the translation tρˇ to the final alcove of
the resulting gallery. Since translations do not alter spherical directions of alcoves, it suffices
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λ
λ− 2ρˇ
x0
γ
Hα2Hα1
as1 s2
s1s2 s2s1
w0
ρˇ
α∨1α∨2
τ ′
z
ζ
w0ζ
γρˇ
Figure 7. An example of the construction of the folded gallery γρˇ.
to consider the effect of the reflections which correspond to folding the first `(w0)−1 crossings
of τ .
The hyperplanes crossed by τ are H1, . . . ,H`, with Hj = sk1sk2 · · · skj−1Hαkj . The reflec-
tion corresponding to the first fold of τ is thus sαk1 , and we have sαk1H2 = Hαk2 , so the
second fold of τ occurs in Hαk2 . Continuing in this way we obtain that the hyperplanes in
which the folds of τ occur are Hαk1 , Hαk2 , . . . , Hαk`−1 , in this order. Hence the spherical
direction of z is sk`−1 · · · sk1w0.
Using ~w0 = sk1 · · · sk` we then obtain
sk`−1 · · · sk1w0 = sk`−1 · · · sk1 · sk1 · · · sk` = sk` = si1 = w0siw0,
as claimed. 
We now determine the translation vertex of the final alcove of the gallery γρˇ.
Lemma 6.3. The translation vertex of z is given by
(6.2.1) ζ = ρˇ+ w0si(λ− ρˇ) ∈ ω +R∨.
For example, in Figure 7, we have i = 1 so w0si = s1s2, and both λ ∈ R∨ and ζ =
ρˇ+ s1s2(λ− ρˇ) ∈ R∨.
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Proof. First, note that although ρˇ may not have the same image as λ in Q∨/R∨, the final
vertex ζ of γρˇ will, since reflections in hyperplanes through ρˇ preserve this image.
Since x0 has translation vertex λ, by similar arguments to those in the proof of Lemma 6.2,
the final vertex of γρˇ can be found by first translating λ by−ρˇ, then carrying out the reflections
in the successive hyperplanes Hαk1 , . . . ,Hαk`−1 , and finally translating the result by ρˇ. So it
suffices to show that sk`−1 · · · sk1 = w0si. Using the reverse of our chosen word ~w0, we obtain
sk`−1 · · · sk1 = sk`sk`sk`−1 · · · sk1 = sk`w0 = si1w0 = w0siw0w0 = w0si,
which completes the proof. 
We point out that the gallery γρˇ is not positively folded with respect to the Pi-chimney.
For example, compare the orientations for the P1-chimney from Figure 3 to see that the two
folds in γρˇ from Figure 7 both occur on the negative side of the respective hyperplane. The
next lemma determines an infinite family of elements y ∈ W˜ such that γρˇ is positively folded
with respect to the (Pi, y)-chimney.
Lemma 6.4. Let y = tµw0si ∈ W˜ , where µ ∈ Q∨. If 〈αi1 , µ〉 ≥ 1, then the gallery γρˇ is
positively folded with respect to the (Pi, y)-chimney.
Proof. Since the spherical direction of y is w0si, and w0siαi = w0(−αi) = αi1 , any (Pi, y)-
sector lies between the hyperplanes Hαi1 ,k and Hαi1 ,k+1 for some k ∈ Z. More precisely, as
any Pi-sector lies between Hαi,0 and Hαi,1, any (Pi, y)-sector lies between Hαi1 ,k and Hαi1 ,k+1
where k = 〈αi1 , µ〉.
Let β ∈ Φ+\{αi}. Then by definition the Pi-chimney contains all half-apartments bounded
by β-hyperplanes which contain subsectors of the antidominant Weyl chamber. Write β′ =
w0siβ. Then siβ is positive, hence β
′ is negative. Now since αi1 = w0siαi, it follows that
−β′ ∈ Φ+ \{αi1}. Moreover the map Φ+ \{αi} → Φ+ \{αi1} given by β 7→ −β′ is a bijection.
Therefore for all β ∈ Φ+ \ {αi1} and all y = tµw0si, any (Pi, y)-chimney contains all
half-apartments bounded by β-hyperplanes which contain subsectors of the dominant Weyl
chamber. Thus for all β ∈ Φ+ \ {αi1} and all y = tµw0si, the periodic orientation on β-
hyperplanes with respect to the opposite standard orientation agrees with the orientation
induced by the (Pi, y)-chimney.
Now by construction, the gallery γρˇ has all folds positive with respect to the opposite
standard orientation, and its only folds in an αi1-hyperplane are in Hαi1 ,1. So γρˇ will be
positively folded with respect to any (Pi, y)-chimney represented by a sector lying between
Hαi1 ,k and Hαi1 ,k+1 where k ≥ 1. This is exactly the condition 〈αi1 , µ〉 ≥ 1 from the
statement. 
Remark 6.5. Conversely, we point out that if 〈αi1 , µ〉 < 1, then in fact γρˇ is not positively
folded with respect to the (Pi, y)-chimney. In particular, the folds in Hαi1 ,1 occur on the
negative side of this hyperplane if 〈αi1 , µ〉 < 1. As we shall see in Section 7, we will need to
handle these two cases separately.
We will need the next result in Section 6.3 and in Section 7, which says that both λ− 2ρˇ
and w0ζ project to the same point on Hαi . Note that since W preserves R
∨ and 2ρˇ ∈ R∨ by
definition, then w0ζ and λ− 2ρˇ have the same image in Q∨/R∨, which equals that of λ. See
Figure 7 for an example, and recall that i = 1.
Lemma 6.6. For any λ ∈ Q∨ and i ∈ [n] as in Theorem 6.1, and ζ defined by Lemma 6.3,
proji(w0ζ) = proji(λ− 2ρˇ).
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Proof. By the definition of ζ, properties of proji, and the fact that w0ρˇ = −ρˇ,
proji(w0ζ) = proji(w0ρˇ+ si(λ− ρˇ))
= proji(w0ρˇ) + proji(si(λ− ρˇ))
= proji(−ρˇ) + proji(λ− ρˇ)
= proji(λ− 2ρˇ),
as claimed. 
6.3. Reaching the first target. We are now prepared to prove Theorem 6.1. We thus
assume that ν = proji(λ − 2ρˇ) is a non-integral Newton point with associated parabolic
subgroup P = Pi of rank 1. We will show that the final alcove z of the folded gallery γρˇ from
Section 6.2 is (labeled by) a certain W˜ -conjugate of the standard representative bν . This
allows us to conclude that γρˇ is positively folded with respect to a suitable chimney, such
that we can apply Theorem 1.1. Figure 8, which continues the example from Figures 6 and 7,
illustrates the proof of Theorem 6.1.
λ
bν
x0
γη
ν
Tν
as1 s2
s1s2 s2s1
w0
ρˇ
α∨1α∨2
z
ζ
w0ζ
siw0ζ
γρˇ
w0siTν
µ
y
Figure 8. An example illustrating the proof of Theorem 6.1.
We start by using some results on conjugacy classes from Section 5. Recall that the
subspace transverse to the Newton point ν with standard representative bν = t
ηv is defined
as Tν = ν + KerAv. In Figure 8, in which i = 1, the affine subspace Tν is the blue line, and
the orange line is w0siTν = s1s2Tν .
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Lemma 6.7. Suppose that ν = proji(λ − 2ρˇ) is a non-integral Newton point, with standard
representative bν = t
ηsi, and denote the corresponding Kottwitz point by ω. Then
ζ ∈ (w0siTν) ∩ (ω +R∨).
Proof. Recall that Asi = proji by Lemma 3.3(4), in which case si(KerAsi) = KerAsi . Since
ν ∈ Hαi and hence is fixed by si, it follows by the definition of Tν = ν+KerAsi that siTν = Tν .
Since ζ ∈ ω +R∨ by Lemma 6.3, it now suffices to show that w0ζ ∈ Tν . By Lemma 6.6 and
assumption, we have proji(w0ζ) = proji(λ − 2ρˇ) = ν. Combining this observation with
Proposition 3.6(2), we get that proji(w0ζ) = ν = proji(η). Thus w0ζ − η ∈ KerAsi . From
Corollary 5.4 we have η ∈ Tν , and hence w0ζ ∈ Tν as required. 
We now identify z = tζsi1 as a particular W˜ -conjugate of the standard representative bν .
Corollary 6.8. Let z = tζsi1 ∈ W˜ . Then:
(1) there exists an integer di ∈ Z such that siw0ζ − η = diα∨i ; and
(2) if y = tµw0si ∈ W˜ with µ = diw0siη ∈ Q∨ for di ∈ Z as in (1), then z = byν .
For example, in Figure 8 we have di = 1, and hence µ = w0siη = s1s2η with y = t
µs1s2.
The vertex µ ∈ R∨ and the alcove y are labeled in purple. (Note that, coincidentally in this
example, λ− 2ρˇ = η.)
Proof. Put u = w0si. Then si1 = w0siw0 = w0sisisiw0 = usiu
−1. We also have ζ ∈ (uTν) ∩
(ω+R∨) by Lemma 6.7. The remaining claims are then immediate by Proposition 5.14. 
Our final corollary in this section combines the previous results to conclude that the gallery
γρˇ is positively folded with respect to the chimney suggested by Corollary 6.8.
Corollary 6.9. Let x0 = t
λw0 ∈ W˜ , and assume that x0 is in the shrunken dominant Weyl
chamber C˜. Suppose that
proji(λ− 2ρˇ) = ν,
where ν is a non-integral Newton point with associated standard spherical parabolic subgroup
Pi of rank 1, and denote the corresponding standard representative by bν = t
ηsi.
Let µ = diw0siη and y = t
µw0si ∈ W˜ be as in the statement of Corollary 6.8. Then the
gallery γρˇ : a byν has type ~x0 and is positively folded with respect to the (Pi, y)-chimney.
For example, a (Pi, y)-sector is shaded in purple in Figure 8 with the alcove y based at µ
outlined, and the orange gallery γρˇ is positively folded with respect to the (Pi, y)-chimney.
Proof. By construction, γρˇ : a z has type ~x0. Corollary 6.8 says that z = za0 where z = byν ,
and so byν = b
y
νa0 is indeed the final alcove of γρˇ. In order for γρˇ to be positively folded with
respect to the (Pi, y)-chimney, by Lemma 6.4 it suffices to show that 〈αi1 , µ〉 ≥ 1. We have
〈αi1 , µ〉 = 〈w0siαi, diw0siη〉 = di〈αi, η〉 = di,
since η ∈ Hαi,1 by Proposition 3.6. We thus aim to show that di ≥ 1.
As siw0ζ − η = diα∨i by Corollary 6.8(1), we obtain that siw0ζ − η ∈ Hαi,2di , and hence
siw0ζ ∈ Hαi,2di+1 again using that η ∈ Hαi,1. Thus
2di + 1 = 〈αi, siw0ζ〉 = 〈−αi,−ρˇ+ si(λ− ρˇ)〉 = 〈−αi,−ρˇ〉+ 〈αi, λ〉+ 〈αi,−ρˇ〉 = 〈αi, λ〉.
Now recall by Lemma 3.5 that proji(λ − 2ρˇ) is a non-integral Newton point if and only if
〈αi, λ− 2ρˇ〉 = 2k + 1 for some k ∈ Z, which in turn happens if and only if λ itself lies in an
αi-hyperplane of odd index, since 〈αi, 2ρˇ〉 = 2. Finally, since λ − 2ρˇ is dominant, we know
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that 〈αi, λ〉 ≥ 2. Combining this observation with the fact that λ lies in an αi-hyperplane of
odd index, in fact we have 〈αi, λ〉 ≥ 3. Therefore di ≥ 1 above, as required. 
The main result of this section now immediately follows.
Proof of Theorem 6.1. Combine Corollary 6.9 with Theorem 1.1(1). 
7. Reaching the remaining targets
In this section, we modify the gallery γρˇ constructed in Section 6, which is designed to reach
the maximum Newton point associated to λ− 2ρˇ having standard parabolic subgroup Pi, in
order to reach all other Newton points ν ′ ∈ Conv(W (λ−2ρˇ)) associated to the same parabolic
subgroup. The main idea is to apply the root operators of [GL05] as in [MST19, Sec. 6], in
order to prove Theorem 7.1. The preparatory results which guarantee the availability of the
root operators are developed in Section 7.1. These root operators are then applied in Section
7.2, although the positivity of the folds only holds for larger Newton points. These galleries
are then further modified in Section 7.3, in order to reach the smaller Newton points.
Theorem 7.1. Let x0 = t
λw0 ∈ W˜ , and assume that x0 is in the shrunken dominant Weyl
chamber C˜. Suppose that ν ′ is a non-integral Newton point with associated spherical standard
parabolic subgroup Pi of rank 1, and suppose that
ν ′ ∈ Conv(W (λ− 2ρˇ)).
Then for any b′ ∈ W˜ such that νb = ν ′ and κG(b′) = κG(x0), we have Xx0(b′) 6= ∅.
The assumptions on x0 throughout the remainder of this section are those from the state-
ment of Theorem 7.1; in particular, we do not assume that proji(λ − 2ρˇ) is non-integral, as
we did in Section 6.3. As in Section 6, although λ ∈ ω + R∨ throughout, all explicit gallery
constructions are illustrated in the 0-sheet of extended alcoves.
7.1. Application of root operators. Let γρˇ : a  z be the folded gallery of type ~x0
constructed in Section 6.2. In this section, we obtain a family of galleries from γρˇ using the
root operators of [GL05]. Figures 9–11 continue the example from Figures 6–8, and one new
gallery obtained by implementing the construction described in this section is shown in pink
in Figure 11.
Let γ]ρˇ be the canonical vertex-to-vertex gallery associated to γρˇ, with initial vertex the
origin and final vertex ζ defined in (6.2.1). By the same argument as in the proof of [MST19,
Prop. 6.7], γ]ρˇ has the type of a minimal gallery γλ from the origin to λ, and γλ is minimal in
the sense defined in [GL05]. In Figure 9, the minimal gallery γλ is blue, and γ
]
ρˇ is orange.
As in the proof of [MST19, Prop. 6.7], we now act on γ]ρˇ on the left by w0 to obtain the
gallery w0γ
]
ρˇ, which is positively folded with respect to the standard orientation, also has
type γλ, and has final vertex w0ζ. In Figure 9, the gallery w0γ
]
ρˇ is dark green.
We now consider the application of root operators to w0γ
]
ρˇ. We first identify where the
folds of w0γ
]
ρˇ occur. Recall that we denote by αi2 , . . . , αin the elements of ∆ \ {αi1} in any
order, where αi1 = −w0αi. For 1 ≤ j ≤ n, we now write α′ij for the positive simple root
−w0αij . Then αi = α′i1 , and we have ∆ = {α′i1 , α′i2 , . . . , α′in}. In Figure 9, we have i = 1,
i1 = 2, and i2 = 1, and so α
′
i1
= α1 and α
′
i2
= α2.
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λ
γλ
pi(γ, λ− ρˇ)
a
ρˇ
α∨1α∨2
ζ
w0ζ
γ]ρˇ
w0γ
]
ρˇ
Figure 9. An example illustrating the gallery w0γ
]
ρˇ to begin the application
of root operators.
Lemma 7.2. All folds in the gallery w0γ
]
ρˇ occur in hyperplanes of the form Hα′ij ,−1, where
j ∈ {1, . . . , n}. In particular, the last n − 1 folds of w0γ]ρˇ occur in the hyperplanes Hα′in ,−1,
. . . , Hα′i2 ,−1, in that order.
Proof. By construction, the folds of γρˇ, and thus of γ
]
ρˇ, are in the hyperplanes Hαk1 ,1, . . . ,
Hαk`−1 ,1, where ~w0 = sk1 · · · sk` is the reduced word for w0 fixed in Section 6.1. In particular,
the last n − 1 folds of γρˇ, and thus of γ]ρˇ, are in Hαk`−n+1 ,1, . . . ,Hαk`−1 ,1, in that order,
where we recall that αk`−n+1 = αin , . . . , αk`−1 = αi2 by definition. Thus, all folds of γ
]
ρˇ lie in
hyperplanesHαij ,1, where j ∈ {1, . . . , n}, and the last n−1 folds of γ
]
ρˇ are inHαin ,1, . . . ,Hαi2 ,1,
in that order. Then since w0Hαij ,1 = Hw0αij ,1 = H−α′ij ,1 = Hα
′
ij
,−1, the folds of w0γ
]
ρˇ are as
claimed. 
As in [MST19, Sec. 4.2], for α any positive simple root, m(w0γ
]
ρˇ, α) denotes the minimal
integer m such that the gallery w0γ
]
ρˇ contains a panel or a first or final vertex in Hα,m. The
next result will be used to determine how many times certain root operators can be applied
to w0γ
]
ρˇ.
ADLVS AND FOLDED GALLERIES GOVERNED BY CHIMNEYS 37
Lemma 7.3. For each 2 ≤ j ≤ n:
(1) m(w0γ
]
ρˇ, α
′
ij
) = −1; and
(2) M ′j := 〈α′ij , w0ζ〉 ≥ 0, so in particular, M ′j 6= m(w0γ
]
ρˇ, α
′
ij
).
For example, in Figure 9, where αi′2 = α2, we have m(w0γ
]
ρˇ, α
′
i2
) = −1 and 〈α′i2 , w0ζ〉 = 6.
Proof. By the second statement in Lemma 7.2, for 2 ≤ j ≤ n the gallery w0γ]ρˇ has at least one
fold in Hα′ij ,−1. Hence m(w0γ
]
ρˇ, α
′
ij
) ≤ −1. Suppose by contradiction that m(w0γ]ρˇ, α′ij ) < −1.
By the first statement in Lemma 7.2, this implies that w0γ
]
ρˇ must either cross or have final
vertex in an α′ij -hyperplane of index strictly less than −1. Hence γ
]
ρˇ must either cross or have
a final vertex in an αij -hyperplane of index strictly greater than 1.
All crossings of γ]ρˇ are crossings of γρˇ, so we start by considering γρˇ. The initial minimal
subgallery of γρˇ from a to the w0-position at ρˇ does not cross any simple hyperplanes. The
part of γρˇ after all its folds (all of which occur in panels of the w0-position at ρˇ) consists of a
minimal subgallery γ1 starting from the w0-position at ρˇ, running to the alcove at ρˇ which is
the image of the identity position (again at ρˇ) under the reflections in Hαk1,1 , . . . ,Hαk`−1 ,1,
followed by a minimal subgallery γ2 from this alcove to z. Thus the two minimal subgalleries
γ1 and γ2 meet at the alcove in the w-position at ρˇ, where
w = sk`−1 · · · sk1 .
From the proof of Lemma 6.2, we have sk`−1 · · · sk1w0 = si1 , and so w = si1w0 = w0si.
We now show that the minimal gallery γ1, from the w0-position to the w-position at ρˇ,
does not cross Hαij ,1 for any 2 ≤ j ≤ n. After applying t−ρˇ and then w0 on the left, this is
equivalent to showing that a minimal gallery from the base alcove a to the alcove w0wa does
not cross the hyperplane Hw0αij . But w0w = w0si1w0 = si, so a minimal gallery from a to
w0wa only crosses Hαi = H−αi . As w0αij is negative, we obviously cannot have w0αij = αi.
If w0αij = −αi, this contradicts αij ∈ ∆ \ {αi1}. Hence, γ1 does not cross Hαij ,1 for any
2 ≤ j ≤ n.
The minimal subgallery γ2, from the w-position at ρˇ to its final alcove z, is the image of
a minimal gallery from tρˇa to x0 under a sequence of reflections in hyperplanes through ρˇ.
Thus γ2 lies in the image of the Weyl chamber Cw under the translation tρˇ. So the subgallery
γ2 of γρˇ does not contain any panels in hyperplanes through ρˇ.
Combining these observations, every panel of γρˇ (and thus of γ
]
ρˇ) contained in Hαij ,1
is a panel of the alcove tρˇw0a in which γρˇ has a fold. Therefore γ
]
ρˇ cannot cross an αij -
hyperplane of index strictly greater than 1. Since λ does not lie on any hyperplane through ρˇ
by hypothesis, and ζ is the image of λ under a sequence of reflections in hyperplanes through
ρˇ, we also note that the final vertex ζ of γ]ρˇ does not lie on any hyperplane through ρˇ. It
follows that ζ is not contained in an αij -hyperplane of index strictly greater than 1. This
completes the proof of (1).
For (2), as α′ij = −w0αij , this is equivalent to showing 〈αij , ζ〉 ≤ 0. Now from the previous
paragraph, γ]ρˇ does not cross Hαij ,1, and ζ is not contained in Hαij ,1. Since γ
]
ρˇ has first vertex
the origin and final vertex ζ, it follows that 〈αij , ζ〉 ≤ 0, as required. 
Before continuing with our results concerning the application root operators, we record
the following lemma for later use in Section 7.3, since its proof uses some arguments from
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the proof of Lemma 7.3. Recall from the construction of the minimal gallery γ : a  x0 in
Section 6.1 that γ ends with a minimal subgallery from the identity position at λ− ρˇ to x0,
and that the crossing of γ immediately before this subgallery is in the hyperplane through
λ − ρˇ parallel to Hαi . Write pi(γ, λ − ρˇ) for the (unique) panel of γ at which this crossing
occurs. In Figure 9, the panel pi(γ, λ− ρˇ) is shown in pink, and its image in γρˇ is shown in
brown.
Lemma 7.4. The image of the panel pi(γ, λ− ρˇ) of γ in the gallery γρˇ lies in the hyperplane
Hαi1 ,k where k = 〈αi1 , ζ〉 − 1. Moreover, γρˇ crosses this image from the antidominant to the
dominant side, and has no folds after this crossing.
For example, in Figure 9, compute 〈αi1 , ζ〉 = 〈α2, ζ〉 = 3, and note that the brown panel is
indeed contained in Hα2,2.
Proof. By construction of γ, the panel pi(γ, λ− ρˇ) is contained in its minimal subgallery from
tρˇa to x0. Now by construction of γρˇ, the image in γρˇ of this minimal subgallery of γ is a
minimal subgallery which runs from the w-position at ρˇ to z, where w = si1w0 = w0si is as
in the proof of Lemma 7.3. Therefore, γρˇ crosses the image of pi(γ, λ − ρˇ) and has no folds
after this crossing.
We now determine the hyperplane containing the image of pi(γ, λ − ρˇ). Using the W -
invariance of the pairing, this hyperplane will be wHαi,j = w0siHαi,j where j = 〈αi, λ − ρˇ〉.
Since w0siαi = αi1 , it remains to show that 〈αi1 , ζ〉 − 1 = 〈αi, λ− ρˇ〉. We compute that
〈αi1 , ζ〉 = 〈αi1 , ρˇ+ w0si(λ− ρˇ)〉
= 〈αi1 , ρˇ〉+ 〈αi, λ− ρˇ〉
= 1 + 〈αi, λ− ρˇ〉,
as required.
Finally, we show that the crossing of γρˇ at the image of pi(γ, λ−ρˇ) is from the antidominant
to the dominant side. Now as observed in the proof of Lemma 7.3, the minimal subgallery of
γρˇ starting in the w-position at ρˇ is contained in the image of the Weyl chamber Cw under tρˇ.
Since w = si1w0, the Weyl chamber Cw is separated from the antidominant Weyl chamber
exactly by an αi1-hyperplane. Therefore any crossing of an αi1-hyperplane by the subgallery
of γρˇ starting in the w-position at ρˇ is from the antidominant to the dominant side. 
We are now prepared to apply the available root operators to the vertex-to-vertex gallery
w0γ
]
ρˇ. We use all notation as in [MST19, Sec. 4.2], and we and refer the reader in particular
to Definition 4.14 for a reminder about the precise definition of fα, and to and Lemma 4.17
for several key properties of root operators, following [GL05].
We first consider the application of the single root operator fα′i2
to w0γ
]
ρˇ. For M a
non-negative integer, we write fMα′i2
for an M -fold application of fα′i2
. Recall that γρˇ has
`(w0)− 1 folds, and hence w0γ]ρˇ has `(w0)− 1 folds as well. In Figure 10, we have fα′i2 = fα2 ,
M ′2 = 〈α′i2 , w0ζ〉 = 〈α2, w0ζ〉 = 6, and `(w0) − 1 = 2. We depict fα2(w0γ
]
ρˇ) in light green,
f2α2(w0γ
]
ρˇ) in light blue, and f
6
α2(w0γ
]
ρˇ) in purple.
Lemma 7.5. For 1 ≤ k ≤M ′2 +1 the root operator fkα′i2 is defined for the gallery w0γ
]
ρˇ, while
f
M ′2+2
α′i2
is not defined for this gallery. Moreover for 1 ≤ k ≤M ′2, the gallery fkα′i2 (w0γ
]
ρˇ) has:
(1) first alcove w0;
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α∨1α∨2
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z
w0ζ
w0γ
]
ρˇ
Figure 10. The application of the root operators fMα′i2
= fMα2 to w0γ
]
ρˇ for M ∈ {1, 2, 6}.
(2) final alcove the translate of w0z by −k(α′i2)∨; and
(3) the same first `(w0)− 2 folds as w0γ]ρˇ.
Proof. Let m2 = m(w0γ
]
ρˇ, α
′
i2
). The gallery w0γ
]
ρˇ has final vertex w0ζ, and so by [MST19,
Lem. 4.17] the operator fα′i2
is not defined for this gallery if and only if m2 = M
′
2. Hence
Lemma 7.3(2) establishes that fα′i2
can be applied to w0γ
]
ρˇ at least once.
By Lemma 7.3(1) we have m2 = −1. The operator fα′i2 thus has the effect of fixing all
parts of w0γ
]
ρˇ which lie before its last panel contained in Hα′i2 ,−1, say pl. Thus, the first alcove
of fα′i2
(w0γ
]
ρˇ) remains w0. Also, by Lemma 7.2, the last fold of w0γ
]
ρˇ is in Hα′i2 ,−1, and so this
fold occurs in pl, and the gallery fα′i2
(w0γ
]
ρˇ) has the same first `(w0)− 2 folds as w0γ]ρˇ. Now
the operator fα′i2
has the effect of reflecting in Hα′i2 ,−1 the portion of w0γ
]
ρˇ lying between pl
and its next panel (or final vertex) contained in Hα′i2 ,0
, say pl′ , and translating by −(α′i2)∨
the remainder of w0γ
]
ρˇ. The final vertex w0ζ of w0γ
]
ρˇ lies in Hα′i2 ,M
′
2
, and by Lemma 7.3(2),
we have M ′2 ≥ 0. It follows that the minimal index of an α′i2-hyperplane containing a panel
or final vertex of fα′i2
(w0γ
]
ρˇ) is
m(fα′i2
(w0γ
]
ρˇ), α
′
i2) = m(w0γ
]
ρˇ, α
′
i2)− 1 = m2 − 1 = −2,
and the gallery fα′i2
(w0γ
]
ρˇ) has final vertex w0ζ − (α′i2)∨. Note that
〈α′i2 , w0ζ − (α′i2)∨〉 = M ′2 − 2.
We now inductively assume that the operator fk−1
α′i2
can be applied to w0γ
]
ρˇ, where 2 ≤ k ≤
M ′2 + 1, so that the minimal index of an α′i2-hyperplane containing a panel or final vertex of
fk−1
α′i2
(w0γ
]
ρˇ) is
(7.1.1) m(fk−1
α′i2
(w0γ
]
ρˇ), α
′
i2) = m(w0γ
]
ρˇ, α
′
i2)− (k − 1) = m2 − (k − 1) = −k,
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and the gallery fk−1
α′i2
(w0γ
]
ρˇ) has final vertex w0ζ − (k − 1)(α′i2)∨ satisfying
〈α′i2 , w0ζ − (k − 1)(α′i2)∨〉 = M ′2 − 2(k − 1).
Then again by [MST19, Lem. 4.17], the root operator fα′i2
can be applied to the gallery
fk−1
α′i2
(w0γ
]
ρˇ) provided that −k 6= M ′2 − 2(k − 1), or equivalently k 6= M ′2 + 2. Therefore, by
induction fkα′i2
can be applied to w0γ
]
ρˇ for all 1 ≤ k ≤M ′2 + 1, while fM
′
2+2
α′i2
is not defined for
this gallery.
Suppose now that 1 ≤ k ≤M ′2. The root operator fα′i2 fixes the first vertex of any gallery
to which it can be applied, and from (7.1.1) we have
m(fk−1
α′i2
(w0γ
]
ρˇ), α
′
i2) = −k < 0.
Hence, fk−1
α′i2
(w0γ
]
ρˇ) contains a panel (or has a final vertex) which lies in Hα′i2 ,−k with −k < 0.
Therefore fα′i2
fixes the first alcove of fk−1
α′i2
(w0γ
]
ρˇ), and so by induction the first alcove of
fkα′i2
(w0γ
]
ρˇ) is w0, and f
k
α′i2
(w0γ
]
ρˇ) has the same first `(w0)− 2 folds as w0γ]ρˇ.
For the final alcove, the final vertex of fk−1
α′i2
(w0γ
]
ρˇ) lies in the α
′
i2
-hyperplane of index
M ′2 − 2(k − 1). By the same argument as in the proof of [MST19, Lem. 6.10], provided that
M ′2−2(k−1) > −k+ 1, or equivalently M ′2 > k−1, then the effect of fα′i2 on the final alcove
of fk−1
α′i2
(w0γ
]
ρˇ) will be to simply translate it by −(α′i2)∨. Since we are assuming k ≤ M ′2 in
this part of the lemma, the result follows by induction. 
The next result, which now concerns the application of root operators corresponding to
multiple simple roots, is proved using similar inductive arguments to Lemma 7.5, and so we
leave the details as an exercise for the reader. For 2 ≤ j ≤ n, recall from Lemma 7.3 that
M ′j = 〈α′ij , w0ζ〉, and now denote by σ1 = w0γ
]
ρˇ.
Corollary 7.6. Let 2 ≤ j ≤ n and suppose for all 2 ≤ k ≤ j that ck is an integer satisfying
0 ≤ ck ≤M ′k. Then the operator f cjα′ij can be applied to the gallery
σj−1 := f
cj−1
α′ij−1
(
f
cj−2
α′ij−2
(
· · ·
(
f c2
α′i2
(
w0γ
]
ρˇ
))
· · ·
))
.
Moreover, the gallery σj := f
cj
α′ij
(σj−1) has:
(1) first alcove w0;
(2) final alcove the translate of w0z by −
∑j
k=2 ck(α
′
ik
)∨; and
(3) the same first `(w0)− j folds as w0γ]ρˇ.
Proof. Follow the proof of Lemma 7.5. More precisely, apply the same arguments as in the
proofs for Lemma 6.11 and Corollary 6.12 of [MST19], after swapping e- and f -operators, and
the corresponding functions p and q determining the number of times they can be applied. 
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We now fix a collection of integers (c2, . . . , cn) such that 0 ≤ cj ≤ M ′j for each j. Let
ζ ′ = ζ ′(c2, . . . , cn) be given by
(7.1.2) w0ζ
′ = w0ζ −
n∑
j=2
cj(α
′
ij )
∨
and define σ = σn = f
cn
α′in
(
f
cn−1
α′in−1
(
· · ·
(
f c2
α′i2
(
w0γ
]
ρˇ
))
· · ·
))
. By Corollary 7.6, the gallery
σ has first vertex the origin and final vertex w0ζ
′, in addition to
(1) first alcove w0;
(2) final alcove the translate of w0z given by w0z−
∑n
j=2 cj(α
′
ij
)∨; and
(3) the same first `(w0)− n folds as w0γ]ρˇ.
In Figure 10, letting c2 = 2 for example, the gallery σ is the light blue gallery. Since w0γ
]
ρˇ is
positively folded with respect to the standard orientation, and root operators take positively
folded galleries to positively folded galleries (see [MST19, Lem. 4.17]), then σ is positively
folded with respect to the standard orientation as well.
Now define γρˇ(c2, . . . , cn) to be the gallery obtained from σ by first applying w0 on the
left, and then removing the first and last vertex of the resulting gallery running from the
origin to ζ ′. Applying w0 to the properties of σ listed above, we see that γρˇ(c2, . . . , cn) has
(1) first alcove a;
(2) final alcove
(7.1.3) z′ = z′(c2, . . . , cn) := z− w0
n∑
j=2
cj(α
′
ij )
∨ = z +
n∑
j=2
cjα
∨
ij = t
ζsi1 +
n∑
j=2
cjα
∨
ij = t
ζ′si1 ,
where we define
(7.1.4) ζ ′ = ζ +
n∑
j=2
cjα
∨
ij ; and
(3) the same first `(w0)− n folds as γρˇ.
In particular, note by comparing Lemmas 6.2 and 6.3 that the final alcove z′ is simply
translated from the final alcove z of γρˇ by the combination of simple roots prescribed by
(c2, . . . , cn). In Figure 11, where c2 = 2, i1 = 2, and i2 = 1, the gallery γρˇ(2), its final alcove
z′ = z + 2α∨1 , and its final vertex ζ ′ = ζ + 2α∨1 are shown in pink.
Moreover, γρˇ(c2, . . . , cn) is positively folded with respect to the opposite standard ori-
entation, as was shown for γρˇ in the proof of Lemma 6.4. To determine whether or not
γρˇ(c2, . . . , cn) remains positively folded with respect to the same (Pi, y)-chimney as γρˇ, we
thus need to identify those folds which occur in αi1-hyperplanes.
Proposition 7.7. The only folds of γρˇ(c2, . . . , cn) in an αi1-hyperplane are its folds in Hαi1 ,1
which are folds preserved from the original gallery γρˇ.
Proof. As γρˇ has `(w0) − 1 folds, and γρˇ(c2, . . . , cn) has the same first `(w0) − n folds as
γρˇ, we only need to consider the last n − 1 folds of γρˇ(c2, . . . , cn). Recall from the proof of
Lemma 7.2 that the last n− 1 folds of γρˇ are in hyperplanes of types αin , . . . , αi2 , and so by
the construction of γρˇ(c2, . . . , cn), any folds it has other than the first `(w0) − n will be in
hyperplanes of types
sεnin · · · s
εj+1
ij+1
(αij )
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ζ ′
z′γρˇ
γρˇ(2)
Figure 11. The gallery γρˇ(2) obtained from γρˇ by application of root operators.
where j ∈ {2, . . . , n} and εl ∈ {0, 1} for j+1 ≤ l ≤ n. We will complete the proof by showing
that this expression cannot equal αi1 .
First recall that {αi2 , . . . , αin} = ∆\{αi1} so that αij 6= αi1 when j ∈ {2, . . . , n}. Applying
any simple reflection sil for j + 1 ≤ l ≤ n to the simple root αij results in a Z-linear
combination of αij and αil , where the coefficient of αij is strictly positive, and the coefficient
of αil is non-negative. So applying a sequence of simple reflections other than sij to αij results
in a linear combination of simple roots in which the coefficient of αij is strictly positive. This
linear combination thus cannot equal αi1 , since the simple roots are a basis. 
As we did for γρˇ in Lemma 6.4, we can now identify a family of elements y
′ ∈ W˜ such
that γρˇ(c2, . . . , cn) is positively folded with respect to the (Pi, y
′)-chimney.
Corollary 7.8. Let y′ = tµ′w0si ∈ W˜ where µ′ ∈ Q∨. If 〈αi1 , µ′〉 ≥ 1, then the gallery
γρˇ(c2, . . . , cn) is positively folded with respect to the (Pi, y
′)-chimney.
Proof. Apply Proposition 7.7 and arguments as in the proof of Lemma 6.4. 
7.2. Reaching the lower targets. We now construct the gallery required to prove Theo-
rem 7.1 for “many” of the Newton points ν ′ in its statement. The main result in this section
is Proposition 7.10, which implies that for all ν ′ in the statement of Theorem 7.1, there is a
gallery γρˇ(c2, . . . , cn) whose final alcove is a certain W˜ -conjugate of the standard representa-
tive bν′ . In Corollary 7.12, we make precise those Newton points ν
′ for which this completes
the proof of Theorem 7.1; there is some subtlety involved in guaranteeing that this gallery
γρˇ(c2, . . . , cn) is positively folded with respect to the corresponding (Pi, y
′)-chimney, as fore-
shadowed by Remark 6.5. Figure 12 illustrates the arguments in this section, and continues
the example followed in Figures 6–11. Recall that in this running example i = 1, and it so
happens that λ− 2ρˇ = η.
We first record a lemma concerning the translation part η′ of the standard representative
for ν ′ ∈ Conv(W (λ − 2ρˇ)). This lemma will be used in the proof of Proposition 7.10. In
Figure 12, the polytope Conv(W (λ − 2ρˇ)) is shaded blue. The Newton point ν and its
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ν
bν η
ν ′
bν′ η
′
a
ρˇ
α∨1α∨2
ζ
w0ζ
γρˇ
ζ ′
z′
w0ζ
′
γρˇ(2)
y′ µ′
Figure 12. An example illustrating the proof of Theorem 7.1 for “many”
Newton points ν ′.
standard representative bν are depicted in blue, and the Newton point ν
′ and its standard
representative bν′ in purple.
Lemma 7.9. Suppose that ν ′ is any non-integral Newton point with associated spherical
standard parabolic subgroup Pi such that ν
′ ∈ Conv(W (λ− 2ρˇ)). Denote the standard repre-
sentative with Kottwitz point ω by bν′ = t
η′si. Then η
′ ∈ Conv(W (λ− 2ρˇ)) ∩ (ω +R∨).
Proof. For ease of notation, we put ξ = λ − 2ρˇ for the rest of this proof. Since both ν ′ and
ξ are elements of the closed dominant Weyl chamber, [AB83, Lemma 12.14] says that since
ν ′ ∈ Conv(Wξ), we have ν ′ ≤ ξ in dominance order. We thus aim to prove that η′ ≤ ξ as
well. Since ν ′ ≤ ξ, by definition of the dominance order on a+Q, we have ξ − ν ′ =
∑
rjα
∨
j for
some rj ∈ Q≥0. Formula (3.2.2) for ν ′ from Lemma 3.5 implies that in fact rj ∈ Z≥0 for all
j 6= i, while ri ∈ 12Z>0 is a positive half-integer. Using the formula for η′ from Proposition
3.6 in the non-integral case, we then have
ξ − η′ = ξ −
(
ν ′ +
1
2
α∨i
)
=
n∑
j=1
rjα
∨
j −
1
2
α∨i .
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Since ri ∈ 12Z>0, the difference above is also a non-negative (integral) combination of simple
coroots, and so η′ ≤ ξ in dominance order, as required. 
The next result should be viewed as a delicate analog of Lemma 6.6. This proposition says
that there exists a gallery, constructed as the image of applying root operators to w0γ
]
ρˇ as
described in Section 7.1, whose final vertex ζ ′ has the desired Newton point ν ′. We illustrate
the proof of Proposition 7.10 in Figure 13.
Proposition 7.10. Let x0 = t
λw0 ∈ W˜ , and assume that x0 is in the shrunken dominant
Weyl chamber C˜. Suppose that ν ′ is a non-integral Newton point with associated spherical
standard parabolic subgroup Pi of rank 1 such that ν
′ ∈ Conv(W (λ − 2ρˇ)). Denote by bν′ =
tη
′
si the standard representative for ν
′ such that κG(x0) = κG(bν′).
Then there exist integers (c2, . . . , cn) with 0 ≤ cj ≤M ′j for 2 ≤ j ≤ n such that the gallery
γρˇ(c2, . . . , cn) : a z′ satisfies
proji(w0ζ
′) = ν ′,
where z′ = tζ′si1 with ζ ′ = ζ ′(c2, . . . , cn) as in (7.1.4).
Proof. We are in search of integers 0 ≤ cj ≤ M ′j = 〈α′ij , w0ζ〉 such that proji(w0ζ ′) = ν ′.
Recalling that α′ij = −w0αij , Equation (7.1.4) says w0ζ ′ = w0ζ−
n∑
j=2
cj(α
′
ij
)∨. Further noting
that proji(α
∨
i ) = 0, we define the following set of lattice points
R∨(ζ) :=
w0ζ + c1α∨i −
n∑
j=2
cj(α
′
ij )
∨
∣∣∣∣∣∣ c1 ∈ Z, 0 ≤ cj ≤M ′j for 2 ≤ j ≤ n
 .
For an arbitrary element of R∨(ζ), by definition
proji
w0ζ + c1α∨i − n∑
j=2
cj(α
′
ij )
∨
 = proji(w0ζ ′).
It thus suffices to show that there is an element of R∨(ζ) whose image under proji is equal to
ν ′. By Lemma 7.9, we know that η′ ∈ Conv(W (λ−2ρˇ))∩(ω+R∨). In addition, proji(η′) = ν ′
by Proposition 3.6. We thus instead aim to show that
(7.2.1) Conv(W (λ− 2ρˇ)) ∩ (ω +R∨) ⊆ R∨(ζ),
from which the result then follows. We will prove the containment (7.2.1) by an argument
involving the construction of the original gallery γρˇ.
Recall that γ]ρˇ is the canonical vertex-to-vertex gallery associated to γρˇ, with initial vertex
the origin and final vertex ζ. The vertex-to-vertex gallery w0γ
]
ρˇ thus has final vertex w0ζ, as
depicted in green in Figure 9. We first claim that in fact
(7.2.2) w0ζ = si(λ− 2ρˇ)− α∨i .
To see this equality, first recall by (6.2.1) that w0ζ = si(λ− ρˇ) + w0ρˇ = si(λ− ρˇ)− ρˇ. Now
rewriting si(λ− 2ρˇ)− α∨i = si(λ− ρˇ)− si(ρˇ− α∨i ), we see that (7.2.2) is equivalent to
(7.2.3) ρˇ = si(ρˇ− α∨i ).
Recall that by definition ρˇ is the half-sum of the positive coroots. Dualizing Corollary 1 in
[Bou02, Ch. VI §1.6], the simple reflection si permutes all the positive coroots apart from α∨i
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λ− 2ρˇ
a
ρˇ
α∨1α∨2
ζ
w0ζ
γ]ρˇ
w0γ
]
ρˇ
γ′
Figure 13. An example illustrating the proof of Proposition 7.10.
which it sends to −α∨i , and so
si(ρˇ) = si
1
2
∑
α∈Φ+
α∨
 = 1
2
 ∑
α∈Φ+\{αi}
α∨
− 1
2
α∨i = ρˇ− α∨i .
Applying si to both sides of the above, (7.2.3) and thus (7.2.2) follows.
We now take the gallery w0γ
]
ρˇ and introduce the last possible fold in the (−ρˇ)-residue
along the hyperplane Hαi,−1. By the same argument as in the proof of Lemma 6.4, the
resulting gallery γ′ is positively folded with respect to the standard orientation. In addition,
we compute using (7.2.2) that γ′ has end vertex
sαi,−1(w0ζ) = w0ζ − (〈αi, w0ζ〉+ 1)α∨i = si(λ− 2ρˇ)− 〈αi, si(λ− 2ρˇ)〉α∨i = λ− 2ρˇ.
The gallery γ′ is shown in pink in Figure 13.
Recall from the proof of Lemma 7.3 that the subgallery γ2 of γ
]
ρˇ is a minimal gallery from
the alcove tρˇwa to ζ which is entirely contained in the shifted Weyl chamber tρˇ(Cu), where
u = w0si. The image w0γ2 of this subgallery in w0γ
]
ρˇ is thus contained in t
−ρˇ(Cusi), running
from the alcove t−ρˇsia to w0ζ. This subgallery w0γ2 is the only portion which differs from
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w0γ
]
ρˇ after introducing the fold in Hαi,−1 to obtain γ
′. Since w0γ2 is contained in t−ρˇ(Csi), its
image after being reflected across Hαi,−1 lies in the shifted dominant Weyl chamber t−ρˇ(C),
as does the entire gallery γ′, by the proof of Lemma 7.3. (For the general case, simply relabel
appropriately according to the action of ω.)
Our plan now is to apply root operators to the gallery γ′. Recall that ∆ = {α′i1 , . . . , α′in} is
our chosen ordering on the basis of simple roots, where α′i1 = αi. Combining the observations
from above that γ′ ⊂ t−ρˇ(C) with Lemma 7.3, we have m(γ′, α′ij ) = −1, now for all 1 ≤ j ≤ n.
If we denote by Mj = 〈α′ij , λ − 2ρˇ〉, then Mj ≥ 1 for all 1 ≤ j ≤ n by our hypothesis that
λ− 2ρˇ is shrunken and dominant, and in particular m(γ′, α′ij ) 6= Mj . As in Lemma 7.5, since
γ′ is positively folded with respect to the standard orientation, then for any 1 ≤ j ≤ n, the
root operator fkα′ij
is defined on the gallery γ′ for all 1 ≤ k ≤ Mj + 1. By the corresponding
analog of Corollary 7.6, if we fix any collection of integers (d1, . . . , dn) such that 0 ≤ dj ≤Mj
for all 1 ≤ j ≤ n, we may define the gallery
σ′ = fdn
α′in
(
f
dn−1
α′in−1
(
· · ·
(
fd1
α′i1
(
γ′
)) · · ·)) ,
which has final vertex
(7.2.4) ξ′ = ξ′(d1, . . . , dn) = λ− 2ρˇ−
n∑
j=1
dj(α
′
ij )
∨.
In particular, since 0 ≤ dj ≤ 〈α′ij , λ − 2ρˇ〉 for all 1 ≤ j ≤ n, then every element of the set
Conv(W (λ − 2ρˇ)) ∩ (ω + R∨) can be expressed as in (7.2.4) for some choice of (d1, . . . , dn).
To complete the proof of (7.2.1), it thus suffices to show that ξ′(d1, . . . , dn) ∈ R∨(ζ) for any
collection of integers 0 ≤ dj ≤Mj . The blue polytope in Figure 13 shows Conv(W (λ− 2ρˇ)),
and the set of all vertices ξ′(d1, d2) for 0 ≤ d1 ≤ 1 and 0 ≤ d2 ≤ 4 are indicated by black
dots in this blue polytope. A portion of the set R∨(ζ) is shaded purple in Figure 13; note
that indeed the blue polytope corresponding to Conv(W (λ− 2ρˇ)) is contained in the purple
subset of R∨(ζ).
Given any ξ′ = λ− 2ρˇ−
n∑
j=1
dj(α
′
ij
)∨ as in (7.2.4), we first rewrite ξ′ as
ξ′ = λ− 2ρˇ− (〈αi, λ− 2ρˇ〉+ 1)α∨i + (〈αi, λ− 2ρˇ〉+ 1)α∨i −
n∑
j=1
dj(α
′
ij )
∨.
Next, recall (7.2.2), and compute that
(7.2.5) w0ζ = si(λ− 2ρˇ)− α∨i = λ− 2ρˇ− (〈αi, λ− 2ρˇ〉+ 1)α∨i .
Therefore, we have
ξ′ = w0ζ + (〈αi, λ− 2ρˇ〉+ 1)α∨i −
n∑
j=1
dj(α
′
ij )
∨ = w0ζ + (M1 − d1 + 1)α∨i −
n∑
j=2
dj(α
′
ij )
∨.
Since M1 − d1 + 1 ∈ Z, we may define c1 = M1 − d1 + 1. Our final claim is that we may also
choose to set cj = dj for 2 ≤ j ≤ n. Since all dj ≥ 0, we need only show that dj ≤ M ′j in
order that ξ′ ∈ R∨(ζ). Since dj ≤ Mj , it suffices to show that Mj ≤ M ′j for all 2 ≤ j ≤ n.
To this end, compute using (7.2.5) that
M ′j = 〈α′ij , w0ζ〉 = 〈α′ij , λ− 2ρˇ− (〈αi, λ− 2ρˇ〉+ 1)α∨i 〉 = Mj − (〈αi, λ− 2ρˇ〉+ 1)〈α′ij , α∨i 〉.
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Since for 2 ≤ j ≤ n, by definition α′ij 6= αi, the value of 〈α′ij , α∨i 〉 is an off-diagonal entry of
the Cartan matrix, and is thus nonpositive. In addition, the coefficient 〈αi, λ−2ρˇ〉+1 > 0 by
our shrunken hypothesis on λ. Therefore, the above calculation shows that indeed Mj ≤M ′j
for all 2 ≤ j ≤ n, as required to verify (7.2.1) and complete the proof. 
We now prove the corresponding analog of Corollary 6.8, in which we identify z′ = tζ′si1
as a particular W˜ -conjugate of the standard representative bν′ = t
η′si.
Lemma 7.11. Let z′ = tζ′si1 be as in Proposition 7.10. Then:
(1) there exists an integer d′i ∈ Z such that siw0ζ ′ − η′ = d′iα∨i ; and
(2) if y′ = tµ′w0si ∈ W˜ with µ′ = d′iw0siη′ ∈ Q∨ for d′i ∈ Z as in (1), then z′ = by
′
ν′.
For example, in Figure 12, we have siw0ζ
′ = η′ and so d′i = 0, µ
′ = 0, and y′ = w0si = s1s2,
with µ′ and the alcove y′ shown in maroon.
Proof. By Proposition 7.10 and Proposition 3.6, we have proji(w0ζ
′) = ν ′ = proji(η′). Thus,
by an identical argument as in the proof of Lemma 6.7, we obtain ζ ′ ∈ (w0siTν′)∩ (ω+R∨).
We now apply Proposition 5.14 with u = w0si, as in the proof of Corollary 6.8. 
Our next corollary combines the results of this section to prove Theorem 7.1 for “many”
of the Newton points ν ′ ∈ Conv(W (λ− 2ρˇ)) with associated parabolic subgroup Pi.
Corollary 7.12. Let x0 = t
λw0 ∈ W˜ , and assume that x0 is in the shrunken dominant Weyl
chamber C˜. Suppose that
ν ′ ∈ Conv(W (λ− 2ρˇ)),
where ν ′ is a non-integral Newton point with associated spherical standard parabolic subgroup
Pi of rank 1. Denote by bν′ = t
η′si the standard representative for ν
′ such that κG(x0) =
κG(bν′).
Let µ′ = d′iw0siη
′ and y′ = tµ′w0si ∈ W˜ be as in the statement of Lemma 7.11. If the
integer d′i ≥ 1, then the gallery γρˇ(c2, . . . , cn) : a  by
′
ν′ has type ~x0 and is positively folded
with respect to the (Pi, y
′)-chimney.
Proof. By construction, the gallery γρˇ(c2, . . . , cn) : a  z′ has type ~x0. Lemma 7.11 says
that z′ = z′a0, where z′ = b
y′
ν′ , and so b
y′
ν′ = b
y′
ν′a0 is indeed the final alcove of γρˇ(c2, . . . , cn).
In order for γρˇ(c2, . . . , cn) to be positively folded with respect to the (Pi, y
′)-chimney, by
Corollary 7.8, it suffices to show that 〈αi1 , µ′〉 ≥ 1. Since η′ ∈ Hαi,1 by Proposition 3.6, we
have
(7.2.6) 〈αi1 , µ′〉 = 〈w0siαi, d′iw0siη′〉 = d′i〈αi, η〉 = d′i.
Therefore, the hypothesis d′i ≥ 1 automatically implies that 〈αi1 , µ′〉 ≥ 1, as required. 
Although Corollary 7.12 does produce “many” of the galleries required to prove Theorem
7.1, not all galleries obtained by the construction in this section satisfy the inequality required
to apply Corollary 7.12. In Figure 12, for example, we have siw0ζ
′ = η′, and so d′i = 0 and
µ′ = 0. A sector representing the (Pi, y′)-chimney is shaded pink, and it can be seen that the
gallery γρˇ(2) : a z′ is not positively folded with respect to this chimney, since the first fold
is not positive. The modification required to complete the proof of Theorem 7.1 in the cases
where the integer d′i ≤ 0 is the subject of the next section.
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7.3. Reaching the remaining targets. In this final section, we complete the proof of The-
orem 7.1 by making a small modification to the gallery γρˇ(c2, . . . , cn) produced by Proposition
7.10, in the remaining cases where the inequality d′i ≥ 1 required to apply Corollary 7.12 is
not met. We continue the example from Figures 6–12 in Figure 14.
ν ′
bν′
η′
a
p
pi(γρˇ(2))
p′i(γρˇ(2))
pi(γρˇ)
ρˇ
α∨1
α∨2
ζ
z γρˇ
ζ ′ = µ′′
z′
γρˇ(2)
y′ µ′ζ ′′
z′′
γ′′
y′′
γ+ρˇ (2)
Figure 14. An example illustrating the proof of Theorem 7.1 for the remain-
ing Newton points ν ′.
As in Corollary 7.12, suppose that ν ′ ∈ Conv(W (λ − 2ρˇ)), where ν ′ is a non-integral
Newton point with standard representative bν′ = t
η′si. The starting point for our modified
construction will be the gallery γρˇ(c2, . . . , cn) : a  z′ from Corollary 7.12. In particular,
z′ = tζ′si1 = b
y′
ν′ , and the integer d
′
i ∈ Z is determined by siw0ζ ′− η′ = d′iα∨i with all notation
as in Lemma 7.11. Throughout this subsection, we assume that d′i ≤ 0, since otherwise
Corollary 7.12 applies. In Figure 14, the gallery γρˇ(2) is shown in pink. In this example,
since η′ = siw0ζ ′ as indicated in purple, then d′i = 0, and so µ
′ = 0 and y′ = w0si are shown
in maroon.
We will now modify the gallery γρˇ(c2, . . . , cn) to obtain a new gallery γ
′′ : a  z′′ of
the same type, which is positively folded with respect to the (Pi, y
′′)-chimney for an element
y′′ ∈ W˜ such that z′′ = by′′ν′ . We first consider the final alcove z′′, which will just be a translate
of z′ by a particular multiple of α∨i1 . The following is the required variation on Lemma 7.11
in case d′i ≤ 0.
Lemma 7.13. Suppose that d′i ≤ 0, and let z′′ = tζ
′′
si1 where ζ
′′ = ζ ′ + (−2d′i + 1)α∨i1. If
y′′ = tµ′′w0si ∈ W˜ with µ′′ = (−d′i + 1)w0siη′ ∈ Q∨, then z′′ = by
′′
ν′ and 〈αi1 , µ′′〉 ≥ 1.
In Figure 14, in which we recall that d′i = 0, we have µ
′′ = w0siη′ = ζ ′ so that y′′ = tζ
′
w0si =
tζ
′
s1s2. We depict ζ
′′ = ζ ′ + α∨i1 and z
′′ = z′ + α∨i1 in teal, and y
′′ is shown in dark blue.
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Proof. Since α∨i1 = w0siα
∨
i , the equality ζ
′′ = ζ ′ + (−2d′i + 1)α∨i1 implies that siw0(ζ ′′ −
ζ ′) ∈ KerAsi . Therefore, siw0(ζ ′′ − ζ ′) + ν ′ ∈ Tν′ where we recall that Tν′ = ν ′ + KerAsi .
From the proof of Lemma 7.11, we have ζ ′ ∈ (w0siTν′) ∩ (ω + R∨), and so it follows that
ζ ′′ ∈ (w0siTν′) ∩ (ω + R∨). Now by Proposition 5.14(1) with u = w0si, we know that
siw0ζ
′′− η′ = d′′i α∨i for some integer d′′i ∈ Z. Using the definition ζ ′′ = ζ ′+ (−2d′i + 1)α∨i1 and
the relation siw0ζ
′−η′ = d′iα∨i from Lemma 7.11, a direct calculation then shows that in fact
d′′i = −d′i + 1. The fact that z′′ = by
′′
ν′ then holds by Proposition 5.14(2) with our choice of
µ′′ = d′′iw0siη
′ = (−d′i + 1)w0siη′. Finally, compute using η′ ∈ Hαi,1 by Proposition 3.6 that
〈αi1 , µ′′〉 = 〈w0siαi, (−d′i + 1)w0siη′〉 = (−d′i + 1)〈αi, η′〉 = −d′i + 1 ≥ 1,
since d′i ≤ 0 by hypothesis. 
Fix z′′ and y′′ as in the statement of Lemma 7.13. We shall now construct a gallery
γ′′ : a  z′′ of the same type as γρˇ(c2, . . . , cn), which is positively folded with respect to
the (Pi, y
′′)-chimney. We will do this by first “undoing” a fold of γρˇ(c2, . . . , cn), and then
introducing one additional fold. In Figure 14, a sector representing the (Pi, y
′′)-chimney is
shaded light blue, and the final modified gallery γ′′ : a z′′ is shown in teal.
By Proposition 7.7 and the construction of the original folded gallery γρˇ, all folds of
γρˇ(c2, . . . , cn) which lie in an αi1-hyperplane occur in Hαi1 ,1. More specifically, these folds
are in the panel of the alcove tρˇw0a, which is contained in Hαi1 ,1. Let p be the last panel of
γρˇ(c2, . . . , cn) in which there is fold in Hαi1 ,1, and let γ
+
ρˇ (c2, . . . , cn) be the gallery obtained
from γρˇ(c2, . . . , cn) by applying the reflection sαi1 ,1 to the subgallery of γρˇ(c2, . . . , cn) which
starts at p. In Figure 14, the panel p is dark green, and the gallery γ+ρˇ (2), in which we have
“undone” this fold at p, is colored olive green. Further, note that γ+ρˇ (2) is positively folded
with respect to the (Pi, y
′′)-chimney, for which a sector is shaded light blue. Lemma 7.14
formalizes these observations about the gallery γ+ρˇ (c2, . . . , cn), using arguments similar to the
proof of Lemma 6.4.
Lemma 7.14. The gallery γ+ρˇ (c2, . . . , cn) : a  sαi1 ,1z
′ is a gallery of the same type as
γρˇ(c2, . . . , cn), and γ
+
ρˇ (c2, . . . , cn) is positively folded with respect to the (Pi, y
′′)-chimney.
Proof. The reflection sαi1 ,1 is type-preserving, so the galleries γ
+
ρˇ (c2, . . . , cn) and γρˇ(c2, . . . , cn)
have the same type. By construction, the three galleries γρˇ, γρˇ(c2, . . . , cn), and γ
+
ρˇ (c2, . . . , cn)
all begin with a minimal gallery from a to tρˇw0a, and so γ
+
ρˇ (c2, . . . , cn) also has first alcove
a. Its final alcove is that obtained by applying the reflection sαi1 ,1 to the final alcove of
γρˇ(c2, . . . , cn), and so its final alcove is indeed sαi1 ,1z
′.
It remains to show that γ+ρˇ (c2, . . . , cn) is positively folded with respect to the (Pi, y
′′)-
chimney. By Lemma 7.13, we have 〈αi1 , µ′′〉 ≥ 1. By Corollary 7.8, the gallery γρˇ(c2, . . . , cn)
is thus positively folded with respect to the (Pi, y
′′)-chimney. We now just need to verify that
the portion of γ+ρˇ (c2, . . . , cn) which differs from γρˇ(c2, . . . , cn) remains positively folded with
respect to the (Pi, y
′′)-chimney. Since by definition p is the last panel of γρˇ(c2, . . . , cn) which
has a fold in an αi1-hyperplane, it suffices to show that the reflection sαi1 ,1 takes positive folds
in β-hyperplanes, where β ∈ Φ+\{αi1}, to positive folds. Now all such folds are positive with
respect to the opposite standard orientation, and since β ∈ Φ+ \ {αi1} we have sαi1 (β) > 0.
The result follows. 
Although the gallery γ+ρˇ (c2, . . . , cn) is positively folded with respect to the (Pi, y
′′)-chimney
by Lemma 7.14, its final alcove sαi1 ,1z
′ is no longer a conjugate of the standard representative
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bν′ . To obtain the final gallery γ
′′, we introduce one final fold, again in an αi1-hyperplane,
though of higher index than the original fold at p. However, in order to ensure that this
additional fold will be both possible and positive, we require the following lemma concerning
γ+ρˇ (c2, . . . , cn). In our example, in which i1 = 2 and d
′
i = 0, this lemma observes that the
final crossing of the hyperplane Hαi1 ,2 in the olive green gallery γ
+
ρˇ (2) from Figure 14 moves
toward the antidominant chamber, which puts the new final fold on the positive side of the
chimney represented by y′′.
Lemma 7.15. The portion of the gallery γ+ρˇ (c2, . . . , cn) after its last fold crosses the hyper-
plane Hαi1 ,−2d′i+2 from the dominant side to the antidominant side.
Proof. We first claim that the portion of γ+ρˇ (c2, . . . , cn) after its last fold is obtained by ap-
plying the reflection sαi1 ,1 to the portion of γρˇ(c2, . . . , cn) after its last fold. By construction,
to verify this claim it suffices to prove that γρˇ(c2, . . . , cn) has a fold after panel p ⊂ Hαi1 ,1;
that is, there exists a fold after its last fold in an αi1-hyperplane. From the proof of Propo-
sition 7.7, the last n− 1 folds of γρˇ(c2, . . . , cn) are all in hyperplanes of types other than αi1 ,
so this first claim holds since n ≥ 2 by hypothesis.
Recall that pi(γ, λ− ρˇ) denotes the panel of the original gallery γ at which it crosses the
αi-hyperplane passing through λ− ρˇ. Write pi(γρˇ) for the image in γρˇ of the panel pi(γ, λ− ρˇ),
and recall from Lemma 7.4 that the subgallery of γρˇ after all its folds crosses pi(γρˇ) ⊂ Hαi1 ,k
from the antidominant to the dominant side, where k = 〈αi1 , ζ〉 − 1. In Figure 14, the panel
pi(γρˇ) is shown in brown.
By construction, the image of the panel pi(γρˇ) in γρˇ(c2, . . . , cn) is then simply a transla-
tion of pi(γρˇ) by
n∑
j=2
cjα
∨
ij
. We denote this panel of γρˇ(c2, . . . , cn) by pi(γρˇ(c2, . . . , cn)). Since
only a translation was applied to obtain pi(γρˇ(c2, . . . , cn)) from pi(γρˇ), then the crossing
of γρˇ(c2, . . . , cn) at the panel pi(γρˇ(c2, . . . , cn)) is also from the antidominant to the dom-
inant side. Further, since pi(γρˇ) ⊂ Hαi1 ,〈αi1 ,ζ〉−1 and ζ ′ = ζ +
n∑
j=2
cjα
∨
ij
, then this panel
pi(γρˇ(c2, . . . , cn)) ⊂ Hαi1 ,〈αi1 ,ζ′〉−1. For example, the panel pi(γρˇ(2)) is highlighted in aqua in
Figure 14, in which 〈α2, ζ ′〉 − 1 = 0. Indeed, pi(γρˇ(2)) ⊂ Hα2,0, and the pink gallery γρˇ(2)
crosses this panel from the antidominant to the dominant side.
Now consider the image p′i(γρˇ(c2, . . . , cn)) of the panel pi(γρˇ(c2, . . . , cn)) under the reflec-
tion sαi1 ,1. Since this panel lies in an αi1-hyperplane, then the reflection sαi1 ,1 reverses the
orientation of the crossing, so that in the reflected image the crossing will be from the domi-
nant side to the antidominant side. The reflected panel p′i(γρˇ(2)) is shown in blue in Figure
14, and the corresponding crossing in the olive gallery γ+ρˇ (2) is toward the antidominant side.
Finally, we claim that the panel p′i(γρˇ(c2, . . . , cn)) in the gallery γ
+
ρˇ (c2, . . . , cn) is contained
in the hyperplane Hαi1 ,−2d′i+2. Recall from Lemma 7.11 that siw0ζ
′ = η′+d′iα
∨
i , and compute
that
〈αi1 , ζ ′〉 = 〈αi, siw0ζ ′〉 = 〈αi, η′ + d′iα∨i 〉 = 1 + 2d′i,
where we have used η′ ∈ Hαi,1 by Proposition 3.6. Therefore, applying sαi1 ,1 = t
α∨i1sαi1 to
the hyperplane Hαi1 ,〈αi1 ,ζ′〉−1 containing pi(γρˇ(c2, . . . , cn)) gives us another αi1-hyperplane,
now having index
− (〈αi1 , ζ ′〉 − 1)+ 2 = −(1 + 2d′i − 1) + 2 = −2d′i + 2,
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as claimed. In our example, d′i = 0 and indeed the blue panel p
′
i(γρˇ(2)) of the gallery γ
′′ is
contained in Hα2,2. 
Finally, let γ′′ be the gallery obtained from γ+ρˇ (c2, . . . , cn) by carrying out the fold in the
hyperplane Hαi1 ,−2d′i+2. Our final corollary says that introducing this final fold preserves the
fact that it is positively folded with respect to the (Pi, y
′′)-chimney. In addition, the new end
alcove z′′ is once again a W˜ -conjugate of the standard representative for ν ′. In Figure 14, this
final gallery γ′′ and its end alcove z′′ = z′+α∨i1 are shown in teal, and γ
′′ is indeed positively
folded with respect to the (Pi, y
′′)-chimney, a sector for which is shaded light blue.
Corollary 7.16. Let x0 = t
λw0 ∈ W˜ , and assume that x0 is in the shrunken dominant Weyl
chamber C˜. Suppose that
ν ′ ∈ Conv(W (λ− 2ρˇ)),
where ν ′ is a non-integral Newton point with associated spherical standard parabolic subgroup
Pi of rank 1. Denote by bν′ = t
η′si the standard representative for ν
′ such that κG(x0) =
κG(bν′).
Let d′i ∈ Z be as in Lemma 7.11(1) and y′′ ∈ W˜ as in Lemma 7.13. If the integer d′i ≤ 0,
then the gallery γ′′ : a by
′′
ν′ has type ~x0 and is positively folded with respect to the (Pi, y
′′)-
chimney.
Proof. Since d′i ≤ 0, we may construct the gallery γ′′ by modifying the gallery γρˇ(c2, . . . , cn)
as explained in this section. The galleries γ′′ and γ+ρˇ (c2, . . . , cn) differ only by the fold
introduced at the hyperplane Hαi1 ,−2d′i+2. The reflection sαi1 ,−2d′i+2 preserves type, and so
γ′′ has the same type as γ+ρˇ (c2, . . . , cn), and thus also as γρˇ(c2, . . . , cn) by Lemma 7.14. Then
by Corollary 7.12, the type of γρˇ(c2, . . . , cn), and thus also of γ
′′, is ~x0.
The final alcove of γ′′ equals sαi1 ,−2d′i+2
(
sαi1 ,1z
′
)
by construction. Given any α ∈ Φ+, we
can express the reflection across the affine hyperplane Hα,k as sα,k = t
kα∨sα. Therefore,
sαi1 ,−2d′i+2 · sαi1 ,1 =
(
t
(−2d′i+2)α∨i1sαi1
)
t
α∨i1sαi1 = t
(−2d′i+1)α∨i1 ,
in which case the final alcove equals t
(−2d′i+1)α∨i1z′ = z′′, where indeed z′′ = tζ′′si1 with
ζ ′′ = ζ ′ + (−2d′i + 1)α∨i1 . Lemma 7.13 then says that z′′ = b
y′′
ν′ , and so the final alcove of γ
′′
is indeed by
′′
ν′ .
By Lemma 7.14, the gallery γ+ρˇ (c2, . . . , cn) is positively folded with respect to the (Pi, y
′′)-
chimney. We need only to verify that the portion of γ′′ which differs from γ+ρˇ (c2, . . . , cn)
remains positively folded with respect to the (Pi, y
′′)-chimney. Since the galleries γ′′ and
γ+ρˇ (c2, . . . , cn) differ only by the new fold introduced by applying sαi1 ,−2d′i+2, it thus remains
only to show that this new fold at Hαi1 ,−2d′i+2 is positive with respect to the (Pi, y
′′)-chimney.
Recall from the proof of Lemma 6.4 that any (Pi, y
′′)-sector lies between Hαi1 ,k and
Hαi1 ,k+1 where k = 〈αi1 , µ′′〉. By Lemma 7.15, this final fold at Hαi1 ,−2d′i+2 occurs on
the dominant side of the hyperplane. Since d′i ≤ 0 by hypothesis, as in the proof of Lemma
7.13 we have −2d′i + 2 > −d′i + 1 = 〈αi1 , µ′′〉 ≥ 1 so that this final fold is indeed positive.
The gallery γ′′ is thus positively folded with respect to the (Pi, y′′)-chimney. 
We are now prepared to complete the proof of the main result of this section, after which
we can immediately prove our main theorem.
52 ELIZABETH MILIC´EVIC´, PETRA SCHWER, AND ANNE THOMAS
Proof of Theorem 7.1. Combine Corollary 7.12 and Corollary 7.16 with Theorem 1.1(1). 
Proof of Theorem 1.2. Theorem 4.5 proves case (3a), as well as case (3b) when νb is inte-
gral. Combine Theorems 6.1 and 7.1 to complete case (3b) when νb is non-integral. The
construction for the basic case (3c), appears as Theorem A in [MST19]. 
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